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Abstract 

The search for a theory of quantum gravity has for a long time been almost fruitless. A 
few years ago, however, Ashtekar found a reformulation of Hamiltonian gravity, which 
lO ' thereafter has given rise to a new promising quantization project; the canonical Dirac 
^ . quantization of Einstein gravity in terms of Ahtekar's new variables. This project has 
Q\ '. already given interesting results, although many important ingredients are still missing 



Q I before we can say that the quantization has been successful. 

CT' Related to the classical Ashtekar Hamiltonian, there have been discoveries regarding 

new classical actions for gravity in (2+1)- and (3+l)-dimensions, and also generalizations 
of Einstein's theory of gravity. In the first type of generalization, one introduces infinitely 
many new parameters, similar to the conventional Einstein cosmological constant, into the 
^ I theory. These generalizations are called "neighbours of Einstein's theory" or "cosmological 
' constants generalizations", and the theory has the same number of degrees of freedom, 
per point in spacetime, as the conventional Einstein theory. The second type is a gauge 
group generalization of Ashtekar's Hamiltonian, and this theory has the correct number 
of degrees of freedom to function as a theory for a unification of gravity and Yang-Mills 
theory. In both types of generalizations, there are still important problems that are 
unresolved: e.g the reality conditions, the metric-signature condition, the interpretation, 
etc. 

In this review, I will try to clarify the relations between the new and old actions 
for gravity, and also give a short introduction to the new generalizations. The new re- 
sults/treatments in this review are: 1. A more detailed constraint analysis of the Hamilto- 
nian formulation of the Hilbert-Palatini Lagrangian in (3+l)-dimensions. 2. The canoni- 
cal transformation relating the Ashtekar- and the ADM-Hamiltonian in (2+l)-dimensions 
is given. 3. There is a discussion regarding the possibility of finding a higher dimensional 
Ashtekar formulation. 

There are also two clarifying figures (in the beginning of chapter 2 and 3, respectively) 
showing the relations between different action-formulations for Einstein gravity in (2+1)- 
and (3+l)-dimensions. 



^Email address: tfepp@fy.chalmers.se 
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Chapter 1 



Introduction 



he greatest challenge in theoretical physics today is to find the theory of quantum 



gravity. That is, the union of the theory for microscopic particles, quantum mechanics, 
and the theory for " cosmological" objects, the general theory of relativity. Despite the 
fact that a lot of physicists have been attacking the problem of quantum gravity, using a 
variety of different methods during a period of at least 40 years, there has been no real 
progress in this quest. One reason for this failure could be that the tools and methods used 
just are not adequate for this task. Most of the quantization attempts, so far, have treated 
gravity as just another particle field theory. There are, however, great differences between 
the theory of gravity and theories describing the other fundamental forces and particles in 
nature. One of the most striking one is that in a conventional particle theory one assumes 
that the fields are propagating on a non-dynamical background spacetime, while in the 
theory of gravity it is exactly the "background" spacetime that is the dynamical field; 
"the stage is participating in the play". 

Perhaps we "only" need to invent new methods specially constructed for quantization 
of diffeomorphism invariant theories, like gravity, without any need of really changing 
quantum mechanics or the theory of relativity. It could, however, also be true that already 
quantum mechanics and/or the theory of relativity are wrong, so that any attempt to unite 
these two theories will be bound to fail. 

Without any experimental guidelines (as the blackbody radiation was for quantum 
mechanics, and perhaps the Michelson-Morley experiment was to the special theory of 
relativity) of how to modify either our methods or our theories, we either have to keep 
on struggling with the quantization of the standard formulations, or we could make a 
"theoretical excursion", leaving the experimentally confirmed way, and try to guess what 
kind of modifications our theories need, possibly guided by theoretical beauty or other 
temptations. 

String theory [Q] is a kind of "theoretical excursion", without any experimental sup- 
port. It has, for the last 10 years, been regarded as the strongest candidate for a theory 
of quantum gravity, or even for a theory of everything. However, the optimism regarding 
string theory seems to have decreased slightly, recently, due to technical difficulties and 
absence of progress. The basic idea behind string theory is that the fundamental con- 
stituents of matter are string-like, extended, one- dimensional objects, instead of pointlike 
which is otherwise believed. In a way, string theory can be seen as a synthesis of many 
earlier attempts of quantizing gravity: supergravity, Kaluza-Klein theories, higher spin 
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Chapter 1 Introduction 



theories, etc. 

In the latest years, another way of tackhng quantum gravity has received a lot of 
attention. When Ashtekar in 1986 managed to reformulate the Einstein theory of 
gravity in terms of new variables, it soon became clear that this new formulation had 
some appealing features that made it suitable for quantization a la Dirac. Since then, 
physicists have been working on this project, and perhaps for the first time in the history of 
quantum gravity there has really been some progress regarding solutions to the constraints 
of quantum gravity [Q, (These solutions are the physical wavefunctionals that are 
annihilated by the operator valued constraints, in the canonical formulation.) However, 
some people might say that this is not really worth anything until we also have an inner 
product and observables so that we can calculate a physical quantity. Of course, it could 
be that this critique is correct, and that these quantization attempts will never lead to 
the desired result without the introduction of modifications somewhere. It is, however, 
anyhow very valuable to try the conventional quantization of the conventional theory 
first, in order to let the theory itself indicate in what direction we should search for 
modifications. 

Besides these two main routes towards a theory of quantum gravity, there also exist 
attempts using path integral quantization and numerical calculations in simplicial quan- 
tum gravity. 

As mentioned above, the new promising quantization scheme is based on the new Ashtekar 
reformulation of Hamiltonian gravity. This Ashtekar reformulation can be seen as a shift 
of emphasis from the metric to the connection as the fundamental field for gravity. Later, 
Capovilla, Dell and Jacobson (CDJ) managed to go even further and found an ac- 
tion written (almost) purely in terms of the connection. This discovery soon led to the 
finding of two different types of generalizations of both the CDJ-Lagrangian as well as 
the Ashtekar Hamiltonian: the cosmological constants in refs.^l, and [|], and also the 
gauge group generalization in 

The purpose of this review is to describe most of the known actions for classical gravity 
in (2+1)- and (3+l)-dimensions, and also to show how these different actions are related. 
I also want to briefly give the basic ideas behind the generalizations mentioned above. 

In chapter 2, I describe the actions for (3-t-l)-dimensional gravity, and do most of the 
calculations in great detail. Chapter 3 contains the actions for (2+l)-dimensions, and 
chapter 4 presents the generalized Ashtekar Hamiltonians. 

Throughout this review I neglect surface terms that appear in partial integrations 
in the actions. That is, I assume compact spacetime or fast enough fall-off behavior at 
infinity for the fields. Note, however, that surface terms normally need a careful treatment 

My notation and conventions are partly given in each section and partly collected in 
two appendices. Definitions and notation introduced in one section are, however, only 
valid inside that section. This is specially true for the covariant derivatives of which, in 
this review, there exist at least five different types of, but only three different symbols for 
T>a, Da and Va. 
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Chapter 2 

Actions in (3+l)-dimensions 



T n fig. 1, I have tried to collect most of the known classical actions for gravity in (3+1)- 
dimensions, and their connecting relations. Among these actions there is one for 
which the explicit form is not known, today. That is "the pure 5*0(1,3) spin-connection 
Lagrangian", and it can be found through an elimination of the tetrad field from the 
Hilbert- Palatini Lagrangian or from a Legendre transform from the Hamiltonian formu- 
lation of the H-P Lagrangian. The reason why this Lagrangian is not known explicitly 
is due to technical difficulties in the above mentioned calculations. (There is, however, 
an " affine connection form" of this Lagrangian, that is explicitly known; the Schrodinger 



Lagrangian |T2[. This Lagrangian can be found through an elimination of the metric from 
the Hilbert-Palatini Lagrangian, in metric and affine connection form, and the Lagrangian 
equals the square-root of the determinant of the Ricci-tensor.) There is also one known 
action that is missing in fig.l; in ref.[|l^] 'tHooft presented an SL{3) and diffeomorphism 
invariant action, and it was shown that the equations of motion, following from this ac- 
tion, are the Einstein's equations. Furthermore, if this S'L(3)-invariance is gauge-fixed to 
SU{2), this action reduces to the CDJ-action. I do not treat this action here, mainly due 
to the fact that this formulation differs from all the actions in fig.l in that it is constructed 
with the use of an enlarged gauge-invariance. 



2.1 The Einstein-Hilbert Lagrangian 

In an attempt to find a Lagrangian that gives, as equations of motion, the Einstein equa- 
tions for gravity, the obvious candidate is the simplest scalar function of the metric and 
its derivatives; the curvature scalar. And in order to get an action which is generally coor- 
dinate invariant one must densitize the curvature scalar with the help of the determinant 
of the metric. The resulting Lagrangian is called the Einstein-Hilbert Lagrangian for pure 
gravity. In this section I will analyze this second order Einstein-Hilbert Lagrangian for 
pure gravity with a cosmological constant and show that the equations of motion following 
from the variation of the action are Einstein's equations. The Lagrangian is 

Ceh = e (e'te''jRj\uj{e)) + 2A) (2.1) 

where is the tetrad field and Rap^"^ {uj{e)) is the curvature of the unique torsion- free 
spin-connection u^"^ , compatible with ef. e is the determinant of the inverse tetrad Cq,/. 
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2.2 The Hilbert-Palatini Lagrangian 
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To find the change in Seh under a variation of Cai, I need to calculate the variation of 
e, ef, Rai3^'^ first: 

e = ^e"^^'e'''''^e^jepje^j,esL (2.2) 
^Se = ^e"^^^e"^^(5e„,)e/3je7^e5L = ee°^5e„, (2.3) 



(^(e?e„j) = (5e?)e„j + e'}Se^j = Srijj = (2.4) 

^ = -e?(5e^j)e"^ (2.5) 
The variation of Ra/s^'^ is given in Appendix B. 

6R^/'' = ^ [e^^%^V[p]6e'^^ + e^^' e^'^eK[pV^p^5e^) (2.6) 



Using ( |2.3|) , ( p.5|) , (2.6) and the fact that the covariant derivative annihilates Cq/, the 



variation of 5*^^^ becomes: 



5Seh = I rf^x e (-2e^e7e(^i?7/'^ + (2A + eXe(^i?7/-^)e?) 

+ j^^ d^x {e{g^^''e'}v^p5e'^^ + g^^'^g^^^eKfsV^Sef^)) (2.7) 

Neglecting the surface term, the requirement that the action should be stationary under 
general variations of Cq/, implies Einstein's equation: 



e^eje^i?^/^ - (A + ieJe^/?7/^)e? = (2.^ 



This shows that the Einstein-Hilbert Lagrangian is a good Lagrangian for gravity, in the 
sense that Einstein's equation follows from its variation. 

2.2 The Hilbert-Palatini Lagrangian 

The Hilbert-Palatini Lagrangian is a first order Lagrangian for gravity which one gets from 
the Einstein-Hilbert Lagrangian simply by letting the spin-connection, in the argument of 
the Riemann-tensor, become an independent field. Normally when one lets a field become 
independent like this one needs to add a Lagrange multiplier term to the Lagrangian, 
implying the original relation, in order to get the same equations of motion. The reason 
why this is not needed here, is that the variation of the action with respect to the spin- 
connection will itself imply the correct relation. (This is really a rather remarkable feature 
of this particular Lagrangian.) 
Therefore, I consider: 
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Chapter 2 Actions in (3+1 )- dimensions 



Chp = e (e?e^i?„/^(a;^^) + 2A) (2.9) 



The only difference between Ceh (|2.1| ) and Chp ( F^) is that in (|2.9| ) the spin-connection 



KL 

'7 



is an independent field, while in ( |2.1| ) it is a given function of the tetrad field. When 
varying the action with respect to general variations 6eai and Su^"^ , one needs to know 
the variation of e, ef and Rap^'^ . The two first variations are given in ( |2.3| ) and ( |2.5| ), and 
the variation of Rap^^ is given in Appendix B. 

5e = ee^^Scai 
Se'} = -e?(5e;3j)e"^ (2.10) 

Using this together with the identity 

6j — -e euKL^'jeg [^■'-^) 

gives 



SShp = [ rf^x e (-2e^e7e(^i?^/ + (2A + eXe(^i?^/)e?) 

- d^x ^V^ {e'-^^'euKLC^e^) Su^' - d^iee'}e''j6iuy) (2.12) 
Neglecting the surface term again, the equations of motion are: 



e^e7e^i?7/' - (A + ^eXe^i?7/^)e? = (2.13) 



P[„e^] = (2.14) 



But ( |2.14| ) is just the zero-torsion condition, which can be solved to get the unique torsion- 



free spin-connection compatible with Cai- Inserting this solution to ( p.l4|) into (|2.13|) one 
gets Einstein's equation again. 

This shows that the Hilbert-Palatini action also is a good action for gravity, again in 
the sense that its equations of motion are the Einstein equations. There are, however, cases 
when the Einstein-Hilbert Lagrangian and the Hilbert-Palatini Lagrangian gives different 
theories. The first example is in a path-integral approach to quantum gravity. In a path- 
integral one is supposed to vary all independent fields freely over all not gauge-equivalent 
field- configurations. And since the two Lagrangians are only equivalent "on-shell", and 
not for general field-configurations, the path-integrals will probably differ. The second 
example is gravity-matter couplings where the spin-connection couples directly to some 
matter field. This is the case for fermionic matter. In that case, the variation of the 
Hilbert-Palatini action with respect to the spin-connection will not in general yield the 
torsion- free condition ( |2.14| ). Instead the theory will have torsion, which, however, can 



be avoided by adding an extra term to the Lagrangian. See, for instance, [0 for a recent 
discussion. 



2.3 The ADM-Hamiltonian 
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2.3 The ADM-Hamiltonian 

Here, I will derive the well-known ADM-Hamiltonian for triad gravity, starting from the 
Einstein-Hilbert Lagrangian {2A.). The derivation will closely follow [p^ . 



The Einstein-Hilbert Lagrangian: 

CEH = e{Riei) + 2X) (2.15) 
To be able to find the Hamiltonian formulation of (|2.15|) , I will assume spacetime M to 



be topologically S x i?, where S is some space-like submanifold of M, and R stands for 
the time direction. I will also partly break the manifest spacetime covariance by choosing 
the x° coordinate to be my time-coordinate. 

Before defining the momenta and doing the Legendre transform, it is preferable to 
slightly rewrite the Lagrangian. The reason is that ( p^.lSj ) contains second derivatives of 
the tetrad, which can be partially integrated away, leaving a dependence solely on and 
its first derivatives. 

First, I define two covariant derivatives: Va and Va . Va is covariant with respect to 
both general coordinate transformations in spacetime as well as local Lorentz transfor- 
mations on the flat index, while Va is only covariant under general coordinate transfor- 
mations. Or in other words: Va "knows how to act" on both spacetime indices as well as 
Lorentz indices, while Vq, only "knows how to act" on spacetime indices. 

VaX^' := daXf^' + r^^^X^' + uijX^' (2.16) 
V.A^^ := daX^^ + T^^^X^^ (2.17) 



where in ( p^.l6D and ( |2.17D are the same connection. Then I require that these 



covariant derivatives are compatible with the tetrad and the metric: 



VaCpi = (2.18) 
Va9p^ = Vagf,-f = (2.19) 

Using ( ^.18| ) and requiring rj^^j = (no torsion) it is possible to uniquely determine F^^ 
and J as functions of the tetrad. See Appendix B for details. The Riemann-tensor is 
then defined: 



Rafi/Xj := V[aVp]Xl (2.20) 
Raf3ii''^e '■= V[aV/3]A^ (2-21) 
T^laT^/S]^)!! = RafSfi'^^el + Rafs/ ^fij (2.22) 



Using vectors hke Xk '■= c^Aq, in ( p.20|) and (|2.21| ) it is straightforward to show that 
Rapl^ ~ Rapi'^elyGj, and with the help of definition ( ^.21| ) the Einstein-Hilbert Lagrangian 
can be rewritten: 

Riei) := g'^^Ra^^^ = e^'V^aV f^^e'} (2.23) 
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Chapter 2 Actions in (3+1 )-diniensions 



Then, using (|2.18|) , it follows that 

= -a;/^e^ (2.24) 



which together with (|2.23| ) gives 



Riei) = V^Vpe"^') - e^a;[/^^^]jMe""" (2.25) 
Now, the solution to ( |2.18| ) for uja^"^ is 

coJ' = ^e^Ki^^'' + n'""' - n''^) (2.26) 
where I have defined the anholonomy 

^Kij _ e"^e^^9[,e^] (2.27) 
Using ( p.25| ), ( p. 261 ) and neglecting the surface term the Lagrangian ( p.l5| ) becomes: 



£ = e (qk''''^il' - ^n^'^'-niLK - ^n'-'^'nuK + 2a) . (2.28) 

Note that VqC = 0. Now the Lagrangian has a form that makes it rather straightforward 
to do the Legendre transform. The Lagrangian should first be (3+l)-decomposed, and 
that is achieved by splitting the tetrad. 



eoi = NNi + N'^Vai, eai = Vai; iVV,, = 0; N'Nj = -1 (2.29) 

This is a completely general decomposition and puts no restriction on the tetrad. The 
inverse tetrad becomes: 



e°^ = - — , e"^ = \/"^ + ^^; V^Vm = 6^; Nj = (2.30) 
And the metric gets the standard ADM-form: 

9.,= [ y^^yjj (2.31) 

/ i_ \ 

9 = AT" T/a/T/6 jVjV'' I (2.32) 

g := det{g^p) = -N^det{VaiV^) (2.33) 



e := det{e^i)=N^det{VaiV,') (2.34) 

where Na '■= VaiVjjN''. N and iV" are normally called the lapse-function and the shift- 
vector, respectively. 

From here, it is rather straightforward, although tedious, to perform the Legendre 
transform using the (3+l)-decomposition (|2.29|). There is, however, a simple way of 



2.3 The ADM-Hamiltonian 
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reducing this calculation dramatically. By partly breaking the manifest Lorentz invariance 
with the gauge-choice Nj = (1,0,0,0), the Legendre transform simplifies a lot. And 
since the only difference at the Hamiltonian level should be that the Lorentz invariance 
is reduced to 5*0(3) invariance, I use this gauge-choice here. With this choice for A^^ 
there is no inconsistency in notation with V""^ called e°*, so I change notation to: = 
yai p . = V ■ 

Now, I use the (3+l)-decomposition of e""^ for decomposing fi^"'^ also. 









= 









(2.35) 



The Lagrangian (|2.28|) should also be (3+l)-decomposed: 



'Ofci -r i ' fc i 'Oj -t- i i Hj 

-^Q'^'Q^.k - ^^'''^^kJ + + 2a) (2.36) 



where ^^-"e := det{eai)- By using (p. 25 ), but now for the three-dimensional covariant 



derivative Va on S, defined to annihilate CaiC^, one can easily show that: 

+V[,(Ar ^'he'^Vk^el) - 2 ^%e\dy,el^g'^''daN (2.37) 
Using this in (|2.36|) and again neglecting surface terms gives 

C = N ^% (^-hf^'^^^VLoki + f^^^f^oi^' + ^'^R + 2A^ (2.38) 



where I have used (|2.35|) to eliminate the last term in (|2.37|) . Now it is time to define the 
momenta 

7r»V= — = ^%{Sf^^'^el-2^\^e''') (2.39) 
oeai 

which means that there exists a primary constraint: 

V := e'^'ir^eak ^ (2.40) 

It will be shown later that this constraint is the generator of S0{3) rotations. Inversion 
of (I^D yields: 

n°('=^) = i-(7r-e^-l(7r%.)5^') (2-41) 
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Altogether, the total Hamiltonian becomes: 



71^ Tin ( 

-N^'eci '"^avr"^ + AiV (2.42) 

where vr*-^ := 7r"*e^, is the covariant derivative defined to annihilate Cai, and Aj is an 
arbitrary Lagrange multiplier. The fundamental Poisson bracket is 

{ea^{x),7r''^{y)} = 6'ji6'{x-y) (2.43) 

The geometrical interpretation of these phase space variables is that Cai is the triad field 
on the spatial hypersurface, and tt'^^ is closely related to the extrinsic curvature of the 
hypersurface. Since and A^" have vanishing momenta the variation of them implies the 
secondary constraints: 

n := ^(^vr%.-i(7r\)2-2'V^'i?-4<VA) ^0 (2.44) 

Ha := -ear ''"Dbir"' ^ (2.45) 

normally called the Hamiltonian- and the vector-constraint. 

Then, in order to check if the Hamiltonian (|2.42| ) is the complete Hamiltonian for this 



theory one needs to calculate the time evolution of the constraints. The requirement is 
that the time evolution of the constraint must be weakly zero. For a total Hamiltonian 
which is just a linear combination of constraints, this corresponds to requiring the con- 
straints to be first-class. To calculate the constraint algebra, I will first show that the 
transformations generated by are 5*0(3) rotations, and the ones generated by Tia are 
spatial diffeomorphisms modulo S0{3) rotations. The transformations generated by U: 

5^'e„, = {e,,,L^[A,]} = -e,,fcA^e^ (2.46) 
5^'< = {<,L^[A,-]} = -e,,feA%^'^ (2.47) 

where L*[Aj] := d^x D{x)Ki{x). This shows that D is the generator of 50(3) rotations. 
Then, I will define the new constraint Tia as a linear combination of U and Tia-, and show 
that the transformations generated by this new constraint are spatial diffeomorphisms: 

'Ha:='Ha + Mai{e,,)U (2.48) 

where 

Mc^{e,,) := ^e,,, '^bf = ]^ei,ue''' e^^^e^dyj,^ + e,idae[). (2.49) 
The transformations of the fundamental fields are: 

S^'-eai = {ea^,nb[N'']} = N'^bea^ + ebi^aN' = £J,,ea^ (2.50) 
S'^-n'"' = {7i''\nb[N^]} = N^dbn'''-TT^dbN^ + 7r'''dbN'' = £N,7r''' (2.51) 



2.4 Hamiltonian formulation of the H-P Lagrangian 
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where £j^b denotes the Lie-derivative in the direction A^^. The last term in (|2.51|) is 
needed since vr"* is a tensor density of weight plus one. With the information that L* 
generates 5*0(3) rotations and 7ia generates spatial diffeomorphisms, it is really simple to 
calculate all Poisson brackets containing these two constraints. All one needs to know is 
how the constraints transform under these transformations. Under 50(3) rotations, is 
a vector and 7i is a scalar. Under spatial diffeomorphisms, and Ti. are scalar densities, 
and Ha is a covariant vector density. (Note that Ha is not an 5*0(3) scalar since Kai 
does not transform covariantly under 5*0(3) transformations. Note also that due to the 
anti-symmetry in the derivatives in Kai, Kai and Ha do, however, transform covariantly 
under spatial diffeomorphisms.) This gives the algebra: 



{V[Ai],L^[l,]} = L''[ek^,rA^] 

{U[Ai],Ha[N'']} = V[-£N^A^] 
{U[Ai],H[N]} = (2.52) 

{Ha[N%Hb[M']} = Ha[£N^M''] 

{H[NlHa[N'']} = H[-£n^N] 

The only Poisson bracket left to calculate is the one including two Hamiltonian con- 
straints: {H[A^], H[M]}. This calculation is a bit trickier, but since the result must be 
anti-symmetric in and M, one can neglect all terms not containing derivatives on these 
fields. Then, one needs the variation of '^'i? with respect to Cai- 

6 ^^m{e,M\ ^ (g'^l'^^e'^^vj'ix - y) + g'^^e^J).5\x - y))) (2.53) 



5eai{x) 

A straightforward calculation gives 



{H[NIH[M]} = I Sz j d\{-N{x) (%(a;)'^*''^^^^ ^^"^ 



s 7s \ 5eai{z) (^te(2:) 

X {7:^Kz)eaA^) - \7^\{z)e\{z))^ - [N ^ M) 

= ■■■ = H^[g''\Ndi,M - MdbN)] (2.54) 

where 1 have neglected terms proportional to U. This shows that the set of constraints 
H,Ha and L* really forms a first class set, meaning that the total Hamiltonian (|2.42| ) is 
complete and consistent. 



The Hamiltonian (|2.42| ) is the well-known ADM-Hamiltonian for gravity, |T^. In 



attempts at canonical quantization of this Hamiltonian, the complicated non-polynomial 
form of the Hamiltonian constraint has always been a huge obstacle. No one has yet found 
an explicit solution to the quantum version of 7i = 0. 



2.4 Hamiltonian formulation of the H-P Lagrangian 

In this section, 1 will perform the Legendre transform from the Hilbert-Palatini La- 
grangian. The basic canonical coordinate will here be the 50(1,3) spin-connection, and 
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the metric will only be a secondary object expressible in terms of the canonical fields. The 
straightforward Hamiltonian analysis of this Lagrangian reveals that there are ten first 
class constraints, generating the local symmetries of the Lagrangian (diffeomorphisms and 
Lorentz transformations), and also twelve second class constraints. The second class con- 
straints are needed since the 5*0(1,3) connection has too many independent components 
in comparison with the tetrad field. 

After deriving the complete and consistent Hamiltonian for this system, I will go on 
and solve the second class constraints, and show that the resulting Hamiltonian is the 
S0{1,3) ADM-Hamiltonian. Due to the appearance of tertiary second-class constraints, 
in this analysis, the calculations in this section will be rather lengthy and tedious. 

This Legendre transform has already been done in [jl^ and also in |T^. The differences 



in my approach are that I give the constraint algebra in more detail, and also that I solve 
the second class constraints without breaking the manifest 5*0(1,3) invariance. 
The first order Lagrangian density is 

C = e{e'}e^jRap^-^{u^^) + 2A) (2.55) 

where ef is the tetrad field, Rap^'^ (ujiy^) is the curvature of the 50(1, 3) connection ujiy^, 
here treated as an independent field. The (3+l)-decomposition gives 

C = e{2eyjR^J' + e^e^ji?^/-' + 2A) (2.56) 
I define the momenta conjugate to ujI/: 

:= ^ = eef,e}, (2.57) 



Since ttjj has 18 components, while the right hand side of ( |2.57| ) has only 12 independent 
components, there are six primary constraints: 

^''f' := ^TT^jTr^^e^-^^^ ^ (2.58) 

The Lorentz-signature condition on the metric also imposes the non-holonomic constraint: 
det{Trjj7T^^'^) < 0. For a discussion of the equivalence of (|2.57|) and ( p.58| ) together with 



the non-holonomic constraint, see 



Now, I want to express the Lagrangian in terms of the coordinate tuf"', the momenta 
TTjj, and possible Lagrange multiplier fields, and to do that I make use of the general 
decomposition of the tetrad given in ( p.30| ). 



e"" = , e 

N' N 



°^ - -"^ - + IL^; N^v^ = 0; N^Ni = -1 (2.59) 



Using this decomposition it is possible to show that 



IJ ^ -nInJ + := -A^^A^-^ + r^" (2.60) 



where := VatV^^ and VabV'^Vf = 6^. This formula can then be used to project out 
components parallel and normal to A^^. With the use of this, and the fact that 



= ^ Tiljfl^^n^^ = (2.61) 
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it is straightforward to rewrite the terms in the Lagrangian as: 



ee'^e'jRat'' = -— Tr(7rVi?,,) + iV'^Tr(7r^i?,fe) - A,,$'^' (2.62) 

e = det{eai) = N^det{Vab) = —\Jdet{Tr{TT''TT'')) (2.63) 

where I have included all terms containing nfjfj^^fj'^^ into the Lagrange multiplier term 
Aafe$"''. Redefining the lapse function N := the total Lagrangian becomes 

C = -Tr{iT-dja) - TriuJoG) - NH ~ N^Ha - A„,$'^'' (2.64) 

where 



n := Trin'^ir^Rab) - 2XJdet{Tr{7r^7c^)) ^ 



Ha := -Tr(7rXb)~0 (2.65) 



and the fundamental Poisson bracket is 



vr^^^(y)} = Ul^f^^j^x - y) (2.66) 



The 5*0(1,3) trace is defined as: 



Tr{ABC) := A/B/Ck^ 
Tr{AB) := A/B/ 



The preliminary Hamiltonian can now be read off in ( |2.64| ), using: Titot = —Tr{'K°'uja) — 
The Lagrange multiplier fields are N, N°',ljoij and Xab, and their variation imposes the 
constraints in ( p.65| ). For this Hamiltonian to be a complete and consistent one, one 
needs to check if the time evolution of all the constraints vanishes weakly. That is, a field- 
configuration that initially satisfies all the constraints must stay on the constraint surface 
under the time evolution. In our case, the total Hamiltonian is just a linear combination 
of constraints, which means that the above requirement corresponds to demanding that 
the constraint algebra should close. If it is not closed, one has two options; either one 
fixes some of the Lagrange multipliers so that the time evolution is consistent, or one 
introduces secondary constraint. 

To simplify the constraint analysis, I prefer to change to vector notation in 5*0(1,3) 
indices. 



^alJ ^air^IJ. ^^JIJ (2.67) 

where T/"^ are the generators of the so(l,3) Lie-algebra. N.B, the indices; j k take 
values 1, 2 . . . , 6 here since so(l, 3) is a six-dimensional Lie-algebra, while in other sections 
i, j, k denote 50(3) indices. The following definitions and identities are also useful: 
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q,, := -Tr{T,T,) q'\kj = 5] 

g*. := -Tr{T:T^):=-\e^'^^T,KLT,ji 

< := vr'^^g.,; vrr := vr'^^g*- (2.68) 

= fij'Tk] fijk '■= fi/Qki = —'^TriTiTjTk) 

fijk •= fi/lkl 
fijkflm^ = l^{Qi[lQm\j — <li[l<fm]j) 

fljf. has all the index-symmetries (anti-symmetries) that fij^ has. The ^-operation re- 
ally corresponds to the duality-operation in so(l, 3) indices. Using this notation, the 
Hamiltonian becomes 





= NH + N'^Ha + Xab^"' - 






= VaTl^' = da'K''' + r,k^i7i 


ak ^ g 


H 


= --fijkT^°'''T^''^ Rab^ - 2X\/ 


—det{', 


'Ha 













(2.69) 



where " ~ " denotes weak equality, which means equality on the constraint-surface, or 
equality modulo the constraints. 

The fundamental Poisson bracket is 



Mx),rr''^{y)} = 6l6i6\x-y) (2.70) 

To calculate the constraint algebra 1 will again use the shortcut described in section |2.3| . 
First, the generator of spatial diffeomorphisms and the generator of Lorentz transforma- 
tions are identified. Then, using their fundamental transformations all Poisson brackets 
containing these generators are easily calculated. 
The transformations generated by are: 



^^V- := {7r»,6;^[A,]} = f,fcA%'^'= (2.71) 
= H,gnA,]} = -VaA' (2.72) 

which shows that is the generator of S'0(l,3) transformations. Then 1 define 



T^a ■.= Ha — tOaiG 

and calculate the transformations it generates: 



(2.73) 
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:= {n''\nb[N'']} = N^db'K'''-n^'dbN'' + n'''dbN'' = £Ntn''' (2.74) 
S'^^Lu: = {ulnb[N']} = N%u;:+u;idaN'' = £^,ujl (2.75) 

which shows that Tia is the generator of spatial diffeomorphisms. {£ is the Lie-derivative 
along the vector field A^^.) This makes it easy to calculate all Poisson brackets containing 
or Ha- See section Ol for details. 



{g%^],gn^J]} = g^[^''^'fk/] (2.76) 
{n[N],g^ij]} = (2.77) 

{$"^[A,,],6;^[7,]} = (2.78) 

{g%,],na[N'']} = g^[-£N''A'] (2.79) 

{HbiMXHaiN"]} = nt[-£N^M'] (2.80) 
{n[N],H,[N-]} = n[-£N^N] (2.81) 
{<l>'^^[A,fe],7^4iV^} = <^'^'[-£NaXat,] (2.82) 

This leaves only three Poisson brackets left to calculate: {n[N],n[M]},{n[N],^'^^[Xab]} 
and {$°^[Aab], ^''^'^[Tcd]}. They are rather straightforward to calculate, but it simplifies to 
notice that {?^[A^], ?^[M]} is anti-symmetric in and M meaning that it is only terms 
containing derivatives on these fields that survive. One needs also the structure-constant 
identity in ( ^.68| ). 



{n[Nln[M]} = Hblln'^Tr'jMd.N-NdcM)] 

+^'"^[7r*'''^RbamiNd,M - Md,N)] (2.83) 

{^''''[Xab],^"'[lcd]} = (2.84) 

:= -^"'[NXab] (2.85) 



The constraint algebra fails to close due to ( p.85|) . Notice that, if we should simply 
remove the constraint ~ from the theory, the constraint algebra would still fail to 



close, this time due to (|2.83| ). There is, however, an alternative strategy that really gives 
a closed constraint algebra: forget about and define instead two new constraints 
n* := i/*fc7r'^V^^i?afe'= ^ and HI := Ti*^Rahi ~ 0. This will make the constraints 

7i, 7i* , Tia and 7i* form a first class set. The theory will of course not be ordinary 
Einstein gravity, more like twice the theory of Einstein gravity. (The number of degrees 
of freedom is four per spacetime point, and if one splits the Euclidean theory into self 
dual and anti-self dual parts, the action will really just be two copies of the pure gravity 
action. The Lorentzian case is more complicated due to the reality conditions.) 

Now, returning to the theory that really follows from the H-P Lagrangian we notice 
that since the constraint algebra fails to close, the time evolution of the constraints Ti and 
(^'^^ will not automatically be consistent. That is, the time evolution will bring the theory 
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out of the solution-space to these constraints. This must be taken care of in order to 
get a fully consistent theory. And as mentioned earlier, there are two different strategies 
available; either solve for some Lagrange multiplier, or introduce secondary constraints. 
The first method is often the preferred one since that solution maximizes the number of 
degrees of freedom. I try this method first. The equations that should be solved are 



^''"[Kab] = {^^'[Kab],Htot}-^'''[NKai,]-0 (2.86) 
n[M] = {n[M],Ht,t}^^-'[~MXat]-0 (2.87) 

Here, Kab and M are arbitrary test functions, and and Xab are the Lagrange multiplier 
fields that sit in the total Hamiltonian ( p.69| ). These equations must be solved for the 



Lagrange multipliers so that they are satisfied for all test-functions M and Kab- Assuming 
to be a non-degenerate matrix, the minimal solution is 



N = (2.88) 
A. = A„.-i*.*-A., (2.89) 

where "^ab is the inverse to and Xcd is an arbitrary Lagrange multiplier. In a generic 
field theory, this would probably be a good choice to get a consistent Hamiltonian for- 
mulation. In our case, however, we do know that the Lagrange multiplier field A^ has an 
important physical interpretation, it is the lapse-function, and putting that to zero would 
mean that the spacetime metric always would be degenerate. Before leaving this "un- 
physical" solution let us calculate the physical degrees of freedom: half the phase space 
coordinates (18) minus the number of first class constraints (14) minus half the number of 
second class constraints (1), gives three degrees of freedom per point. Thus, it looks like 
the "degenerate metric theory" has more freedom than the conventional non-degenerate 
one. (If this "degenerate theory" is liberated from second-class constraints, and if also 
all first-class constraints except TCa and the rotational part of ^* are solved and properly 
gauge-fixed, then we would possibly have an SO (3) and diff(E)-invariant theory on 5*0(3) 
Yang-Mills phase space: the Husain-Kuchaf-theory [0. Although, to really be sure that 
this "degenerate theory" is the Husain-Kuchaf theory, one must show that this reduction 
can be done so that the remaining phase space coordinate is an SO (3) connection^.) 

Excluding this solution, we are forced to include secondary constraints. The new 
constraint, which should be added to the total Hamiltonian, is 

■■= ^7r*"^7™„7r^(^I?,7r'^)" ^ (2.90) 
meaning that the total Hamiltonian now becomes 

nlt = ntot + ^ab'^''' (2.91) 

With this new Hamiltonian, one needs to check again if the time evolution of all constraints 
vanishes weakly, and the new ingredients are all Poisson brackets containing the constraint 

thank Ingemar Bengtsson for suggesting this. 
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T^ab r^Yie Poisson brackets containing Ti,a and are again easy to calculate. Note that, 
due to the fact that is only covariant with respect to 50(1, 3) transformations, is 
not manifestly covariant under spatial diffeomorphisms. It is, however, covariant, which 
can be seen by adding a fiducial affine connection to T>a and note that it drops out from 
T^ab (^'Yj^is is of course also true for Q^.) Thus, since transforms covariantly under 
both S0{1,3) transformations as well as spatial diffeomorphisms, the Poisson brackets 
are 



{^'''[7ab],Q%^]} = (2.92) 

{^'''[lab],ncm} = ^'"'[-£N'^lcd] (2.93) 

The Poisson bracket between \E'"'' and is also easily calculated: 

{^'''[\ab],^'"'[Mj} ^ [ d\ (-^A„,7r''^M,,7r'^" + ^KbT^''' M.aT^'") (2.94) 



where 

^ab ._ ^ai^h 

This shows that and are second-class constraints. (The rank 
of the "constraint-matrix" in (|2.94|) is, for generic field-configurations, maximal, i.e rank 
twelve.) Now, two more Poisson brackets should be calculated, ^'^'^} and {7i, 
But these calculations are really horrible, and since I do not need the exact result in order 
to show that the Hamiltonian now can be put in a consistent form, I will not write out 
these Poisson brackets here. Instead, I start with the time evolution of 

^"'[Pab] = {$"'[Pa6], ^ d\ (-ip,,7r^^7e,7r'^'^ + ^^pab-n^'lcdi^'") ~ (2.95) 

And since this equation is required to be satisfied for all test functions pab-, the only 
solution is 

^ab = (2.96) 

meaning that the constraint '^"'^ drops out from the total Hamiltonian. With this solution 
for labi the time evolution for Ti is automatically okey and it is only \[''^^'s time evolution 
left to check. First, I define 

{*"''[X,6],?i[iV]} := S'^''[if„5] (2.97) 

Whatever complicated result the above Poisson bracket gives, I partially integrate it so 
that the test function Kab is free from derivatives, and then I call the result E'*''. With 
this definition, the time evolution of \E'"^ becomes 

+T.''\Kab] ^ (2.98) 

This equation can always be solved for \ab so that the equation is satisfied for all test- 
functions Kab'- 
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Aafe = 2TTae^''''TTcb " 7^ ab^^ ce^"'' (2.99) 

Here, TCab is the inverse to tt"'^ := tt^Vj^. So, regardless of the comphcated form of S"'' one 
can always solve for Xab- Note that it can happen that S"^ contains derivatives of the 
lapse-function N, but in the action these can always be partially integrated away to get 
a multiplicative Lagrange multiplier. 

To summarize the Hamiltonian analysis; the total and consistent Hamiltonian is 

Htot = Nn + N'^Ha - ^^^Q' + A,fc(iV, TT, uj)^-'' (2.100) 

where \ab is the specific function of A^, vr'^* and ujai-, given in ( p.97|) and 
twelve second-class constraints: and \Ef"^, and ten first class constraints: Q\'Ha and 
H := Ti + -^XabiN, 71, u)^""^. The number of degrees of freedom are: half the number of 
phase space coordinates (18) minus the number of first-class constraints (10) minus half 
the number of second-class constraints (6), which gives two degrees of freedom per point. 

The next task in this section is to eliminate the second-class constraints from the 
theory, leaving a Hamiltonian formulation with first-class constraints only. In doing this 
elimination, I find it convenient to switch back to the original S0{1,3) notation. First, 
to solve ^^'^ ~ 0, I use the origin of that constraint; namely ( p.57|) . So, I fix a trio of non- 
degenerate space-like 50(1,3) vectors E"'^ , and also the (up to a sign) unique time-like 
unit vector, orthogonal to E"-^ , . 



2.99). There are 



det{E^^E^j) > 
E^^Nj = 

N^Ni = -1 (2.101) 



A^^ can be explicitly defined as 



^IJKL rpa rpb rpc _ 

N' = ^J^K^Lea bc ^2.102) 

6Jdet{E^^E'l) 



Note the similarity between the pair [N^^E""^) and {N^ ,V°"^) in ( |2.59| ). It is also useful 
to define the projection operator 

~IJ ._ ^al^I^ ^ ^IJ ^ ^/^j (2.103) 

where := EabE^\ and Eab is the inverse to E'^^ E\. Using this projection operator, 
one can separate all 5*0(1,3) indices into "boost" and "rotational" parts. The solution 
to can now be written as 

^alJ ^ ^[I^aJ] (2.104) 

where the twelve physical degrees of freedom in vr'*^'^ now is captured in E"-^ . Now it is 
possible to solve also \E'"^ for cUa/j, but instead of doing so, I will take a shortcut via the 
symplectic form vr^^-^tUa/j. I use the solution to ^"^^ ~ 0, ( |2.104| ) in the symplectic form. 



and see what components of cUa/j, E"-^ will project out. To do that, I first split Uaij into 
two separate pieces 
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UJaIJ = MalJ + TalJ (2.105) 

where Taij is the unique torsion-free connection compatible with E"'^: 

DaE" = daE^^ + r^,E"^ + TjjE^-^ - Vl^E^^ = (2.106) 

See Appendix B for a treatment of this type of "hybrid" spin-connection. Thus, ( p.l05| ) 
can be seen as a definition of Maij- Then, in order to rewrite the symplectic form I need 
some formulas relating A^^ and E""^ . From ( |2.101| ) it follows that 



N^Ni = 

N^E'} = -E'}N^ (2.107) 



Now, the symplectic form becomes 



ir'^'-'dJaij = 2N'E-'{t,ij + Maij) = 2N' {D;Ef - + E^-^M^ij) 

= -2daiN'E'}) + 2N^E''-^Maij 

= -2d^{N'Ef) + 2{mE-JMaij) + E-'{2NjEiE'''M,jK - 2N'M,jj) 

(2.108) 

Neglecting the surface terms, one can now read off the momenta conjugate to E"'^ , 



{E'^\x),Kuiy)} = 6',5'j5'ix-y) 

Kaj := 2NjEiE'"'M,jK-2N'M,jj (2.109) 

This means that the physical components E"-^ of vr"^"^, project out twelve components 
Kai of Uaij- The question is then; are these twelve components Kai of ujaij, the twelve 
components that survives the constraint \E^"^? To answer this question, I first invert the 
relation ( pl09| ). 



Maij = ~E''''KaKN[jE,j]-^N''K,KE(jEaj] 

+TJ"^EmE,j (2.110) 

where Ta^^^'' = and Tg""^ = 0. Ta'' are the six components of uJaij that is orthogonal to 
E""^ in the symplectic form. Now, putting this into the other second-class constraint \E''^*, 
one gets 



= --7r'=^''e,j;,i7r(''^"^P,7r"V'' = -- — e^'^"T/)5^,, (2.111) 

And requiring that ^"^^ = imposes six conditions on the six components in Ta'"^, which 
can easily be solved to get: Ta'"^ = 0. This means that the solution to = really 
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projects out the solution to the other second-class constraint , and that the physical 
degrees of freedom surviving both and are captured in E""^ and K^j. To summarize 
the solution of the second-class constraints, we have 



^alj = ^alj — -^E^^ KaxN^jEh^ — -N^ KexE^jEaJ] 

{E'^\x),Ku{y)} = 5l5]5\x-y) (2.112) 

With this solution of the second-class constraints at hand, it is time to rewrite the total 
Hamiltonian in terms of the physical fields E""^ and Kai- A straightforward calculation 
gives 



Qij = PaVr'^/j = --- = -^^f,Kaj]~0 (2.113) 



2 

Ha = 7T'''Ratij = --- = -DUE'''K,]M)-0 (2.114) 



n = 7T'''WjKRab''i-2XJdetin-^J 



'TV 



J I) 



1 



= -E'^'E^'RaMj - 2\^det{E-'E\) - -E^' E"' K[aiK,]j ^ (2.115) 
where Da is the E""^ compatible torsion-free covariant derivative, and Rabu is its curvature: 



Rabij '■= d[aTb]ij + [Ta,Tb]ij. In equations (|2.114|) and (|2.115| ), I have neglected terms 
proportional to Gauss' law Q^'^ . 

But this Hamiltonian is easily identified as the well-known ADM-Hamiltonian with 



the full 50(1,3) invariance unbroken. If one wants to compare this to section |2]^ one 
first needs to gauge- fix E""^ = 0, and then solve the corresponding "boost-part" of Gauss' 
law, = {Kao = 0). One should also de-densitize the coordinate E"'\ I will not do 
this comparison in detail, I just end this section by a short summary of what has been 
done here. 

The straightforward Hamiltonian formulation of the first-order H-P Lagrangian gave a 
Hamiltonian system with twelve second-class constraints. The reason why the second-class 
constraints appear can be traced to the mismatch between the number of algebraically in- 
dependents components of the spin-connection and the tetrad field. (In (2+l)-dimensions 
or in (3+l)-dimensions with only a self dual spin-connection, the mismatch disappears 
and there are no second-class constraints.) Then, when the second-class constraints are 
solved to get a Hamiltonian containing only first-class constraints, one ends at the ADM- 
Hamiltonian. 

In doing this Hamiltonian analysis of the full Hilbert-Palatini Lagrangian, it is striking 
how complicated the analysis is, compared to the analysis of the self dual H-P Lagrangian, 
in next section. And the reason why the constraint analysis, in this section, is so compli- 
cated is of course the appearance of second-class constraints. We will see that a reduction 
of the number of algebraically independent components in the spin-connection will signif- 
icantly simplify the Hamiltonian analysis. This reduction is accomplished by only using 
the self dual part of the spin-connection in the Lagrangian. 



2.5 Self dual Hilbert-Palatini Lagrangian 
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2.5 Self dual Hilbert-Palatini Lagrangian 

In this section, the H-P Lagrangian containing only the self dual part of the curvature 
will be examined. I will first show that the equations of motion following from it, are 
the same as those from the full H-P Lagrangian. This is due to the fact that the two 
Lagrangians give the same equation of motion from the variation of the spin-connection, 
and once this equation is solved, the two Lagrangians differs only by a term that vanishes 
due to the Bianchi-identity. 

After proving that this action is a good action for gravity, the Legendre transform will 
be performed, and the theory will be brought into the Ashtekar Hamiltonian formulation. 
In this Hamiltonian formulation, it will become clear that all the second-class constraints 
from section |2.4| now have disappeared. And the reason why they do not appear, is 
that with only the self dual spin- connection present, the tetrad has enough independent 
components to function as momenta to the spin-connection, without restrictions. 



The analysis of the self dual H-P Lagrangian was first performed in pO|. Later, this 
Lagrangian has been examined in |T^, [|T^, [ZT| and \T2 . 



Before I start working on the action, I will give a few basic features of self duality. 
Consider an so(l,3) Lie-algebra valued field: A^"^. The dual of A^'^ is defined as 

^*IJ ._ ^^IJ^^^KL (2.116) 

and the dual of the dual becomes 

A**'' = ^e'\Le''\iNA'''' = -A'' (2.117) 

The minus-sign follows from the Lorentz-signature of the Minkowski metric. (For Eu- 
clidean signature, so(4), there is a plus-sign there instead.) Now, since the duahty- 
operation imposed twice has the eigen- value minus one for any A^'^ , it is possible to 
diagonalize A^"^ as follows 

^/J _ ^(+)/J + ^(-)/J (2.118) 

where 

= - (2.119) 

A^^^^"^ and A^~''^'^ are called the self dual and the anti-self dual part of A^"^. They can be 
explicitly defined as 

:= ^{A'-' T ^A*'■') = ^{A'-' T '-e'^KLA^'^) (2.120) 

The self dual and anti-self dual parts can in some sense be seen as orthogonal components, 
and the following relations are easily proven with ( |2.120| ) and the e — 6 identity. 

Ai+)iJB\-^ = (2.121) 
^ A^+^^-^Bij = (2.122) 
[A, 5]" = [A^+\B^+^Y-^ + [A^-\B^~^Y-^ (2.123) 



22 



Chapter 2 Actions in (3+1 )-dimensions 



Equation (|2.121| ) is just the orthogonality relation, and ( p.l23|) shows that the complex- 
ification of the Lorentz-algebra splits into its self dual and anti-self dual sub-algebras: 
so(l,3;C) ~ so(3) x so(3). Equation (|2.123|) also shows that the self dual curvature is 
the curvature of the self dual spin-connection: 



Ral3 ) 



^af3 l^Q J 



(2.124) 



Now, since the original A^"^ has 6 algebraically independent components, while A^'^^^'^ and 
^(-)-f'^ has only three algebraically independent components, there exist relations between 
different components of A^'^^^'^ and A^"^^''. For instance 



A 



(±) 

kl 



ikl 



T^e A, 



^kl 



(2.125) 
(2.126) 



where e'^^^ := e^^'^^ and eijk = ^^ljk- This split can also be made Lorentz-covariant. 
(Note that, if is a Lorentz-covariant object, it transforms only under the self dual 

Lorentz-transformations, while a self dual Lorentz-connection transforms under the full 
Lorentz- group.) 

To make the split ( ^.125[ ) and ( |2.126 ) Lorentz covariant, I define a trio of non- 
degenerate space-like S'0(l,3) vector-fields V^"^, and also the (up to a sign) unique time- 
like unit vector-field A^^, orthogonal to V""^ . 



An explicit definition of A^^ is 



0, 



N^Nj = -1 



(2.127) 



I also define the projection operator 



JJKL\ra 



:2.128) 



~IJ ._ yalyj 



V 



where Vl 



VnhV^^ , and Vnb is the inverse to V' 



(2.129) 



ab 



yaiyb^ Usiug this projection 



operator, all so(l, 3) indices can be decomposed into parts parallel and orthogonal to A^^. 



K 



I' 



-N^NiK-^ 



:= fi'jK' 



(2.130) 

(2.131) 
(2.132) 



Note that 



yal ^ yal 



(2.133) 



I also define 
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^JKL _ j^^^IJKL ^ ^I'JKL ^ _j^I^JKL (2.134) 

Then, using the e — 6 identity for the full e^"^^^, it is possible to show that 

Now, with all this machinery, it is straightforward to make the split ( |2.125|) , ( p.l26| ) 
covariant. First 



A^+^''^ = i(A^'-^' + liVV^M^^) (2.136) 

A^+^^^ = -{A^-^ + iN^'e^'-^'^Aj^,i) (2.137) 

which give the relations: 

A(±)iJ = ±^N'''A%e''^ (2.138) 

= ±^^^'^/JM^^^^" (2.139) 



To compare ( ^l25l) , ( ^AM ) with (|2l38D , (HH), one can make the choice: 
= (-1,0,0,0) = 0. 

Now, it is time to introduce the self dual Hilbert-Palatini Lagrangian. 

4^^ := e (sW"^(eI)i?i^/^(.;W^^) + A) (2.140) 



where S°j(eX) := ^^fi^j]! and Sjj''"^(e^) is its self dual part. R^^p^'^ the self dual part 
of the curvature of the spin-connection, and as mentioned earlier, the self dual part of the 
curvature of the full spin-connection equals the full curvature of the self dual part of the 



spin-connection. See ( |2.124|) . 



First, when I want to show that the equations of motion following from ( |2.140| ) are 
! same as the ones following from the full 
self dual part of the full curvature. That is 



the same as the ones following from the full H-P Lagrangian, I will regard R^^J^"^ as the 



= I {Riii-^) - ^e"x.(/2f? (c.) ) (2.141) 
The equations of motion following from the variation of uj^"^ are 



-2V^{eJ:\y"'') = (2.142) 
But, since both ef and u^'^ are real, the real part of (|2.142|) is just the normal zero- 



torsion condition. And the imaginary part of ( p.l42| ) is the dual of the real part, and 
therefore contains the same information. Then, if one solves ( p.l42| ) for 00^"^ , and uses 
that solution in the Lagrangian (|2.140|) , the imaginary part of the Lagrangian vanishes 



due to the Bianchi-identity. And the real part of the Lagrangian is just the conventional 
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Hilbert-Palatini Lagrangian (or Einstein-Hilbert Lagrangian, when the solution to ( p.l42| ) 
is used). So, altogether this means that the variation of u^"^ imphes the normal zero-torsion 
condition, and when using the solution to that equation, the variation of e" implies 
Einstein's equations. Note that the reality condition on the spin-connection really is 
superfluous. It is enough to require the tetrad to be real, then equation (|2.142|) will take 
care of the reality of the spin-connection. It is this fact that Ashtekar uses when he 
only imposes reality conditions on the metric-variables, and not on the connection. Note, 
however, that this is only true for non-degenerate metrics. With a degenerate metric, 
( p.l42| ) cannot be solved to get a unique spin-connection. 

Before doing the (3+l)-decomposition and Legendre transformation of ( [2.14(JD , I will 
eliminate the non-independent parts of tu^^^^'^ . Using ( |2.138| ) and ( p.l39| ), it follows that 



1 J IJ 1 J 

This means that the (3+l)-decomposed Lagrangian becomes 



(2.143) 



A+) 

'"HP 



Then, I deflne the momenta conjugate to cu. 



(2.144) 



6L 



I' J 



(+)i'J 



8eS 



(+)0b 

I'j 



(2.145) 



Remember that S"j is not an independent fleld, it is just the anti-symmetric product of 
two tetrads. The next step in the Legendre transform is to rewrite the Lagrangian in 
terms of the phase space variables, but before doing so, I will introduce the ADM-like 
tetrad decomposition. I decompose the tetrad as follows 



,0/ 



' N 



yal ^ 



N 



V^Ni = 



(2.146) 



This decomposition is not a restriction on the tetrad, the tetrad is completely general. 
Instead, it is a choice for the previously introduced vector flelds: A^^, V""^ . Note that this 
decomposition gives the standard ADM-form of the metric: 



1 

iV2 



N2 



Using this decomposition in ( |2.145| ), gives 



TT 



I'J 



2e{e^j,ej — ie^, 



KL b N 



^2.147) 



(2.148) 



Note that the imaginary part of 7r",j automatically vanishes with this choice of unit time- 
like vector-fleld. Here, I want to emphasize that it is not a gauge-choice involved here, 
the tetrad is completely general, the choice lies instead in what twelve components of 
^Q!^^^'^ that should be regarded as independent, and the clever choice is to choose ci;^"*'^''^'^'s 
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projection along e^^ . This choice is clever, since it makes the momenta real and simple. 
Note, however, that there is nothing that says that the momenta must be real. A priori, 
we only know that the tetrad is real, and that can be achieved by the weaker requirement 



:7l' 



br.j\ 



0. 



Now, returning to the Legendre transform, relation (|2.148|) should be inverted 



V 



N 
Ye 



ij 



(2.149) 



and the two last terms in (2.144) should be rewritten in terms of the momenta. 



A^^MabTj(+)I'J _ i^jah T3{+)I'J „a hi' ArA^' d(+) .KLM 



4e 

/\r2 /\r2 1 



(2.150) 

Before I write out the total phase space Lagrangian, I introduce the Ashtekar variables: 



A^i := -2ivV+!^-, F,k^■.= -2N''R^J^],J = ^laA^, + ^ei,kAiAt 

1 - - Ar2 

E"' := -NrTT^-^'^, N := — (2.151) 

where I used the fact that, since the "tilded" indices are orthogonal to a time-like direction, 
they are really 5*0(3) indices, (i, j, k ... are S0{3) indices.) In terms of these variables, 
the total Lagrangian becomes 

C^j^l = E'^'Aa^ - N'^Ha -NH + Ao^G' (2.152) 

where 



n := '-E^''E'^Fje,,k-\detiE''')^0 
g' := VaE''' = daE''' + ie'^^AajEl^Q 

are the constraints that follow from the variation of the Lagrange multiplier fields A^", A^, 
and Aoi. The fundamental Poisson bracket is {Aai{x) , E^^ {y)} = 6'^6j6^{x — y). 

This is the famous Ashtekar formulation, and to complete the analysis of it, a con- 
straint analysis must be performed. This will be done in the next section. But, before I 
leave this section, I will give the metric formula in terms of Ashtekar's variables. Using 
( p.l46| ) and (|2.151|) , the densitized spacetime metric is 

/ _i ^ \ 

= 4^99'-' = [ ^ nE-e!- ^ ) ^^-^^^^ 

The most appealing feature of the Ashtekar formulation is perhaps the simple and 
polynomial form of all the constraints. It is this feature that has enkindled the old 
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attempts of non-perturbative canonical quantization of gravity. Another fact that is 
new here in the Ashtekar formulation, compared to the other Hamiltonians in section 
2.3 and 2A, is that the phase space coordinate here is a (gauge-) connection. In the 
ADM-Hamiltonian, the phase space variables are all gauge- covariant objects, and in the 
Hamiltonian formulation of the full H-P Lagrangian, the spin-connection can only be used 
as the phase space coordinate if one is prepared to pay the price of keeping second-class 
constraints in the theory. Once these constraints are eliminated, the coordinate is again a 
gauge-covariant object. This fact, that the phase space coordinate is a gauge-connection 
has made it feasible to import techniques and methods from the more well-studied analysis 
of Yang-Mills theories. 



2.6 The Ashtekar Hamiltonian 

Here, I will do the constraint analysis for the Ashtekar Hamiltonian given in section (|2.5|) . 
Then, the reality conditions will be examined in more detail, and finally the canonical 
transformation, relating this formulation to the ADM-Hamiltonian, will be given. 

The Ashtekar Hamiltonian was originally found through the above mentioned canoni- 
cal transformation 0, and it soon became clear that this Hamiltonian could be very useful 
in attempts to quantize gravity canonically. Prior to the existence of this Hamiltonian, 
the attempts to quantize gravity canonically had all started from the complicated ADM- 
Hamiltonian. The ADM-Hamiltonian is complicated mostly due to the non-polynomial 
and inhomogeneous form of the Hamiltonian constraint. This complicated form has made 
it practically impossible to find any quantum solution, in this formulation. Ashtekar's 
Hamiltonian, however, has a simple polynomial and homogeneous Hamiltonian constraint, 
and quantum solutions to this formulation were soon found [0,0]. 

The Ashtekar Hamiltonian formulation can be summarized as: 



Htot := NH + N'^Ha - AoiG' (2.154) 
Ha := E'^F^k.^O 

n := '-E'''E''^Fje,,k-Xdet{E^')^0 
Q' := VaE""' = daE''' + ie'^''AajE'j^^O 
The fundamental Poisson bracket is {Aai{x) , E'^^ (y)} = S^S^^S^^x — y), and the other fields 



are Lagrange multiplier fields, whose variation implies the constraints given in (|2.154|) . 
The densitized spacetime metric can be constructed from the phase space fields, in a 
solution, as 

' N N 



(2.155) 

And the reality conditions will be given later. Next, I will show that this is a consistent 
Hamiltonian formulation in the sense that a field-configuration that initially satisfies the 
constraints will stay on the constraint surface under time evolution. This is the same as 
requiring the time evolution of the constraints to be weakly vanishing. To show that, I 
will calculate the constraint algebra. First, the transformations generated by ^* are given: 
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^g'^ai ._ {E^^g^lAj]} = ie'jkA^E''^ (2.156) 
S^'Al = {A^^,g^[A,]} = -VA' (2.157) 

which shows that is the generator of 5*0(3) transformations. (Note that 5*0(3) here 
is the self dual part of the Lorentz-group, not the rotation part.) Then, I define the 
generator of spatial diffeomorphisms: 

na:=na-Aa^' (2.158) 
and calculate the transformations it generates: 

^Ha^ai ._ i^E''\nb[N^]} = N''dbE'''-E'''dbN''+E'''dbN^ = £NtE^' (2.159) 
= {Ainb[N']} = N'dbAi,+AldaN' = £j,,Al (2.160) 

Now, one needs to know how the constraints transform under 5*0(3) rotations and spatial 
diffeomorphisms. Under 5*0(3) transformations; is a vector, Ti,a is non-covariant, and 
7i is a scalar. Under spatial diffeomorphisms; is a scalar density of weight plus one. 
Ha is a covariant vector density of weight plus one, and 7i is a scalar density of weight 
plus two. Note that, although Ha is not covariant under 5*0(3) rotations, the Poisson 
bracket between and Ha can yet easily be calculated since Q'' transforms covariantly 
under spatial diffeomorphisms. 



{g%,],g^[i,]} = g,[A'rek/] (2.161) 

{H[N],g^[lj]} = (2.162) 

{g%4,Ha[N'']} = g^[-£N^A'] (2.163) 

{Hb[M%Ha[N'^]} = Hb[-£N^M'] (2.164) 

{H[N],Ha[N'']} = H[-£n^N] (2.165) 

The only Poisson bracket left to calculate is {H,H}, and again this calculation simplifies 
by noting that only terms with derivatives on either N or M contribute: 

{H[N],H[M]} = HalE'^'E^iNdbM - MdbN)] (2.166) 

This shows that all the constraints are first-class, and since the total Hamiltonian is a 
linear combination of these constraints, the time evolution of the constraints are auto- 
matically consistent. 

In section |2.5| it was shown that it is sufficient to require the tetrad to be real in order 
to get real general relativity from the self dual H-P Lagrangian. With a real tetrad, the 
spin-connection will automatically be real in a solution to the equations of motion. How 
can this be translated into the Hamiltonian formulation, where one normally wants to 
impose all restrictions on the phase space variables? The equation that took care of the 

reality condition for the spin-connection was: y-fr- = 0, and here this becomes: 
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5A 



Oi 



(2.167) 



SS^ ^ ^a.^^^Q (2.168) 



In section ^]5| it was enough to require the tetrad to be real, and the solution to (|2.167|) 



( p.l68| ) gave automatically a real spin-connection. (Note, however, that Aai, which in 
a solution is the self dual part of this real spin-connection, is not real.) Here, in the 
Hamiltonian formulation, this is a bit unconvenient since the velocity E""^ appears in 
( 2.168| ), and requiring that E""^ is real will lead to conditions on the Lagrange multiplier 



fields N and A^i. Also, requiring the momenta E"""^ to be real will forbid complex 50(3) 
gauge-transformations, which is a bit unnatural since 5*0 (3) here really stands for the self 
dual part of S'0(1, 3), which is a complex Lie-algebra. 

The way out of this is to concentrate the reality requirements on the metric instead 
of the tetrad. 

Im{N) = 0, ImiN") = 0, ImiE^'E^) = (2.169) 
Then, imposing that {E"-^El) should be real, will, through its equation of motion, lead to: 

Im{E^^E'^'''V^E^^^eijk) = (2.170) 

which is a good condition in the sense that it does not involve any Lagrange multipliers. 
Using the reality conditions ( p.l69|) and ( p.l70| ) it is then straightforward to show that 



the metric will stay real under time evolution, provided the metric is invertible. 



Now, I want to show the relation between this Ashtekar Hamiltonian and the conven- 
tional ADM-Hamiltonian in triad form. They are related through a complex canonical 
transformation, and to show that, I first define the new field Kai'. 

Ka, ■.= Aa^ + ^Ta^iE) (2.171) 

where Tai is the unique torsion- free spin-connection defined to annihilate i?™: 

DaE''' := daE^' + Tl^E'' - T^^E''' + e'^^V^jEl = (2.172) 

Now, using the definition (|2.171|) to rewrite all the constraints in terms of Kai and i?"*, 
one gets 



g' = VaE"' = DaE"' + ie'^''KajE'^ = ie'^''KajE'^ (2.173) 

Ha = E'^{~iRau + D^aK^, + ie.,,uKiKt)^E^D^aK^, (2.174) 

H = ]^E-'E'ml,e,,j, - Xdet{E-') + '-E^' E^WyaK^e^.j, - ^E"^' E'^ Kya^K^, 

^ l^-E^^i^^^e,,, - Adet(i?») - ^E'''E'^Kya^K,y (2.175) 
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where i?^^ 



kirriY^^Yhm, and I have used the Bianchi-identity in (|2.174|) , and 
neglected terms proportional to in both (|2.174|) and (|2.175|) . Comparing these con- 



straints with the ADM-constraints in section 2.3, one notices that these constraints have 



exactly the same structure. To get exact agreement, one needs to change i?"* into its 
non-densitized inverse Cai, which is the coordinate used in section |2.3|. I will not do this 



canonical transformation here, instead I will now show that the transformation ( p.l71| ) 
really is a canonical one. To show that, I first define the undensized E°-^ and its inverse 



/det{E''^) 
Then, the following is true 



(3), 



fe := detCai = V detE" 



D[aeb]i = diaeb]i + tijkT^re^ = 



and the time-derivative of (|2.177|) must also vanish. 



D[aeb]i + eijkt'Leu = 



Solving (|2.178 ) for FJ^, and contracting its indices with an E"-^ then gives: 



^2.176) 



(2.177) 



(2.178) 



(2.179) 



This means that E'^^Aai = E°''^Kai up to the surface term (|2.179|) , which shows that the 
fundamental Poisson bracket now is 



{Ka,{x),E'^{y)} = 5'Jl5\x-y) 



(2.180) 



and that the transformation really is a canonical one. Note that a comparison between 
( P^.175| ) and the ADM-Hamiltonian in section |2.3| shows that KaiEl has the interpretation 
as the (densitized) extrinsic curvature. Further details about this canonical transformation 
can be found in e.g [Q] and 



2.7 The CDJ-Lagrangian 



From section |2.1| to |2.6| the emphasis has gradually shifted from the metric towards the 
connection as the fundamental field for gravity. Here in this section, the shift will reach 
almost completion, when the metric is eliminated from the Ashtekar Hamiltonian (except 
for the conformal factor), leaving the connection as the fundamental field. 

The pure spin-connection formulation of gravity was first found through a field- 
elimination from the Plebanski action in section ( p.8|) . It was, however, also clear that 
the Hamiltonian formulation of the pure spin-connection Lagrangian equals the Ashtekar 
Hamiltonian. So, the Ashtekar Hamiltonian and the CDJ-Lagrangian are related via a 
Legendre transform. 

In this section, I want to explicitly perform the Legendre transform, starting from the 
Ashtekar Hamiltonian, and in order not to complicate things more than necessary, I will 
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put A = here. The Legendre transform for A 7^ is much more comphcated to perform, 



and details can be found in 24 



In doing the Legendre transform, I will also assume that the vector constraint, in 
Ashtekar's Hamiltonian, can be found as a primary constraint to the resulting Lagrangian. 
This means that the equations that should be solved are 



Aa^ = '-^eab,e,,kE''B''' + ]^N''e,a,B'r + VaA,, (2.181) 
eabcE'^B'r = (2.182) 

where -B°* is the magnetic field: 5"* := e°'^'^F^^. Now, doing the Legendre transform means 
solving the equation of motion for the momentum, to get the momenta as a function of the 
coordinate and its velocity. Here, this corresponds to solving ( ^.181| ) for E"-^. Equation 
( |2.182| ) should then also be solved for E"''^ in order to find Tia as a primary constraint. 



To be able to solve these two equations, I must require the magnetic field to be non- 
degenerate, i.e 

det(5"*) := ^eabce^JkB'''B'^B''' ^ (2.183) 

This restriction of the magnetic field will exclude some field-configurations. In 0, these 
excluded field-configurations are given in terms of Petrov-classes. Note that fiat Minkowski- 
space is excluded. Now, if _B"* is non-degenerate, it can serve as a basis for all spatial 
vector- fields (or S'0(3) vector- fields) . For instance 

^ai ^ ^ij^a (2.184) 

is then always true for some 5*0(3) matrix Using this relation in ( p.l82| ), implies 

= (2.185) 
Then, multiplying (|2.181|) by B""^ and symmetrizing in the 5*0(3) indices, yields 

Qii = l(^*i _ S'^Tr^) (2.186) 
V 

where fi'-' := e"^^^F^^F^^ = 2B"-^^F^l and r/ := ~ 2iNdet{B^i) ' '^^^^ equation is easily solved 

= r]{Q'^ - (2.187) 

and the Legendre transform is done. Putting this solution into the Lagrangian C = 
E^'Aa^ - n^'^, one gets 

CcDj = l{Trn' - -iTr^f) (2.188) 

o Z 

which is the sought for, pure spin- connect ion Lagrangian for pure gravity. Note that 
J^CDj is not a totally metric- free Lagrangian since t] is related to the metric via the lapse 
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function. With a cosmological constant and/or matter fields it is, however, in principle 
possible to eliminate 1] also. See [|^. To get a formula for the metric here in the CDJ- 
formulation, one can return to the metric-formula in the Ashtekar formulation, and then 
follow the fields through the Legendre transform. The result is 



-99 



F>„FLF:„t 



k f3fj.UK 



(2.189) 



which is called the Urbantke formula. Before the CDJ-formulation was known, Urbantke 
25[| gave the metric-formula ( p.l89| ) as the solution to the problem: with respect to what 



metric is a given 5*0(3) field strength, self dual? Since this question is insensitive to the 
conformal factor of the metric, Urbantke could only give the metric up to an arbitrary 
conformal factor, and the result was (|2.189|) . Further details about the CDJ-formulation 
can be found in: the original discovery and [Q, relation to the Ashtekar Hamiltonian 
27|1 , p8[| , ||2^ and with new cosmological constants 0, 0, ||29| and ^j, generalization 



to other gauge groups. 



2.8 The Plebanski Lagrangian 



In section p.5| , we learned that it is enough to have only the self dual part of the H-P 
Lagrangian in order to get full general relativity. This means that the only combination 
of the tetrad fields that is needed is the self dual part of the anti-symmetric product of 
two tetrads. Plebanski made use of that fact, and promoted this combination of tetrads 
into an independent field. Then, to still get the same physical content in the action, he 
had to add a Lagrange multiplier term, imposing the original relation. 

Here, I want to briefly go through the steps that take us from the self dual H-P 
Lagrangian to the Plebanski Lagrangian. Then, I will also derive the CDJ-Lagrangian by 
eliminating fields from the Plebanski Lagrangian. Details about the Plebanski action can 
be found in H, §. 

The self dual H-P Lagrangian: 



where S"^(eJ) 



and defining 



(2.190) 



|er}eji, and Sjj''"^(e2-) is its self dual part. Now, using the identity 



^ a p 



-e e'jegejjKL 



yiJ ._ 



(2.191) 



(2.192) 



it is straightforward to show that 



eS 



{+)a(3 _ « „^75 (+) 



(2.193) 



The determinant of can also be written solely in terms of S's: 
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e:=detei='-e-^^^Eif%-^\^ (2.194) 
With all this, the Lagrangian now becomes 

A+) _ i.aplSj.{+)IJ ( d(+) , \ (2 lOK] 

And, since both S and R are self dual, they have only 18 algebraically independent 
components. To make this more manifest, I do as in section p.5| , and split S and R into 
theirs boost and rotation parts: 

^/J _ ^[/'J] ^ ^/j (2.196) 

where A^-^ is a general so(l, 3) valued field, and the primed index stands for the projection 
along a time-like unit vector- field , while the tilded index stands for the projection into 
the orthogonal space- like surface orthogonal to A^^. See section ( |2.5|) for details. For a 
self dual field A^"^ it is then true that 

A^-^Bij = 2A''-^Bj,j + A^-^Bjj = AA^'^B^.j (2.197) 
Then, I introduce the 5*0(3) notation: 



F^pi := -2R^^^j,jN^' 

Aai := -2J^}n'' (2.198) 

where the factor of two is introduced just to get agreement with the Ashtekar curvature 
in section |2.6|. Now, the Lagrangian is 



4^) = .e^/^^^S^, - J (2.199) 



Remember that S^^ is still just a given function of the tetrad-field. The idea is now to let 
E^^ become an independent field, and at the same time add a Lagrange multiplier term, 
imposing the original definition of it. A constraint that does the job, is 



M'^ ■= - -s^ml = 

3 

M'^ := e^^^-^Sj^^S^^^ (2.200) 

To show that this is a necessary condition on S, one can just put in the original definition 
of Ej,^ in M'^: 

^IJKL ,^P^Sj.(+)IJ^MKL ^ I^^IJKL ^ f_^I[K^L]J (2.201) 

which means that 
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M'^ := NnNkM^^^-^ = -i-fi^^ = -fj^'^NNNKViMM^^^^^ = -6'^ (2.202) 

2 3 3 

To get an indication that M*-' = also is a sufficient condition, one may count the 
number of degrees of freedom in S constrained by M*-' , and compare with the degrees 
of freedom in e^: S has 18 independent components, and is constrained by the traceless 
symmetric three-by-three matrix leaving 13 degrees of freedom, has 16 free 

components but the self dual anti-symmetric product is invariant under anti-self dual 
Lorentz transformations, leaving again 13 degrees of freedom. An explicit proof of the 
adequacy of M*-' = can be found in ||^. Now, when adding the constraint M*-' = to 
the Lagrangian with a Lagrange multiplier, the tracelessness of M*-' can be shifted over 
to the Lagrange multiplier, and then I let that condition also be implied by a Lagrange 
multiplier term, 

C = le-^^'T^^p [f^,^ - y S^,, + + (2.203) 

where the independent fields now are S^^, A^, '^ij and /i. Note that '^ij is an arbitrary 
symmetric 50(3) matrix- field, its tracelessness is imposed by the variation of /i. This 
is the Plebanski Lagrangian, and in order to extract real general relativity from it, one 
must impose reality conditions on S that turns out to be rather awkward for Lorentzian 
spacetime. I will not go into more details concerning this action, instead I want to show 
how to reach the CDJ-Lagrangian from here. 



The idea is the following; since the Lagrangian now has an inhomogeneous dependence 
on S, it is possible to eliminate it from the action, through its equation of motion. And 
once this is done, the Lagrangian instead gets an inhomogeneous dependence on ^ making 
it possible to eliminate also this field, leaving only the curvature and the Lagrange 



multiplier /i. For simplicity, I will put A = 0. For a treatment of the A 7^ case, see |26 
See also [pi 



5S 

Mi 



le'^^' {Fjsi + '2'^^,^s) = (2.204) 



Assuming to be invertible, the solution is 

1 



Kf^ = -2^"'^'^"« (2-205) 
With this solution, the Lagrangian becomes 

C = -^Tr{^-^Q) + iiTr^ (2.206) 

where I have introduced a convenient matrix notation, and defined: fi*-' := e""^^^ F^^F^^. 
Now, using the characteristic equation for three-by-three matrices: 



A' - A'TrA + -A [iTrAY - TrA^) - 1 detA = (2.207) 
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it follows that 

Tr* = ^det'if ((Tr*"^)^ - Tr*"^) (2.208) 
Putting this into the Lagrangian, and varying the action with respect to ^'"^ one gets: 

ss 



-^n'^ + p{Tr^-'^5'^ - ^-^'^)^ = (2.209) 



where I have redefined the Lagrange multiplier: p :— —i pdet^ . This equation is now 
easily solved for ^~^: 

m-^'^ = -— fo^' - -d'^TrO) (2.210) 



4p V 2 J 

And finally, putting this solution into the Lagrangian, and redefining the Lagrange mul- 
tiplier again: f] '■— the result is the CDJ-Lagrangian 



£ = ^ (rr-n^ - ^(Trf))') (2.211) 
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Fig. 2 Actions for gravity in (2+1) -dimensions. 

T n this section, I intend to briefly go through the (2+l)-dimensional counterparts of 
the various actions dealt with in section |^. Here, I will not do all calculations in the 
same detail as for (3+l)-dimensions. 

The reason why (2+l)-dimensions here is treated specially, is that both the Ashtekar 
Hamiltonian as well as the CDJ-Lagrangian are known to exist only in (2+1)- and (3+1)- 



dimensions. See, however, section regarding speculations about higher dimensional 
formulations. The (2+l)-dimensional version of fig.l is given in fig. 2, where we see that 
the number of different actions now has decreased significantly. Two actions are absent, 
due to the non-existence of self dual two-forms in (2+l)-dimensions, and four of the 
actions from fig.l have merged into two; the pure 5*0(1,2) spin-connection Lagrangian 

9.T^ 
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equals here the CDJ-Lagrangian, and the Hamiltonian formulation of the H-P Lagrangian 
equals the Ashtekar Hamiltonian. 

There are at least one action missing in fig. 2; the Chern-Simons Lagrangian |3^, ||33|| . 
The reason why I do not treat the Chern-Simons Lagrangian here is that it is a purely 
(2+l)-dimensional formulation, which does not exist in other dimensions, and I am mainly 
interested in formulations that exist in (3+l)-dimensions, as well. 

3.1 The E-H and the H-P Lagrangian, and the ADM- 
Hamiltonian 

All these three action formulations of gravity work perfectly all right in arbitrary spacetime 
dimensions (dimensions greater than (1+1), in (l+l)-dimensions the E-H and the H-P 
Lagrangian are just total divergencies). All calculations that were made in sections (|2.1| )- 
( |2.3| ), except one, are trivially generalized to other dimensions. The calculation that 
needs a slight modification is the variation of the H-P Lagrangian with respect to the 
spin-connection. In arbitrary spacetime dimensions, the variation yields 

^^ = P,(eer,e?,)=0 (3.1) 



And in dimensions higher than (3+1) it is a bit tricky to show that (|3.1| ) implies the 
zero-torsion condition (It is, however, true that it does): 

P[,eJ] = (3.2) 

In (2+l)-dimensions, however, (|3.2|) follows directly from (|3.1j ), if one knows the "inverse- 
formula" : 

eef.e?] = e'^^^e.j^e^ (3.3) 

3.2 The self dual H-P and the Plebanski Lagrangian 

These two Lagrangians are unique for (3+l)-dimensions, since the construction of them 
relies heavily on the use of self dual two-forms, which only exist in four dimensional 
spacetimes. One could of course construct a Plebanski-like Lagrangian without relation 
to self duality; let the combination e[Q,e^] become an independent field, and add a Lagrange 
multiplier term imposing the original definition. 

3.3 Hamiltonian formulation of the H-P Lagrangian, 
and the Ashtekar Hamiltonian 

Here is one of the formulations where (2+l)-dimensions is special. It will be shown 
here that it is exactly in (2+l)-dimensions that the Hamiltonian formulation of the H- 
P Lagrangian does not give rise to second class constraints. In fact, here in (2+1)- 
dimensions, the Hamiltonian formulation equals the Ashtekar formulation. The reason 
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why no second-class constraints appear here, as they did in (3+l)-dimensions, can be 
found from a counting of degrees of freedom: as we saw in section ( p.4|) , the second class 
constraints were needed since the tetrad did not have enough independent components to 
function as an unrestricted momenta for the spin-connection. In an arbitrary spacetime 
with dimension (D + l), the spatial restriction of the spin-connection has jji^^^ilR number 
of algebraically independent components, while the "tetrad" has {D + 1)^ components. 
Then, {D + 1) of the " tetrad" 's components are needed as Lagrange multipliers, imposing 
the diffeomorphism constraints. This means that, in order not to get restrictions on the 
momenta, we must have: 

^ CD^fl)D ^^^^ _ p + 1) (3.4) 

and the solution is D < 2, singling out (2+l)-dimensions as the unique spacetime where 
the H-P Lagrangian will not produce second class constraints. (The reason why I say that 
the additional constraints are second-class, is that a first-class constraint always corre- 
sponds to a local symmetry. And the H-P Lagrangian has only gauge and diffeomorphism 
symmetries.) 

The standard H-P Lagrangian is 

£hp = {ee'}e''jR^f,''{uj) + Ae) (3.5) 

where ef is the triad field, e the determinant of its inverse, and uj^"^ an independent 
S0{1,2) connection. The Hamiltonian formulation of ( p.5|) has previously been studied 



in |2^, and in See also Now, I split the triad 



Putting this in (|0| ) and defining: := e^'^^uJajK, Fa/ '■= ^^^^ RapjK-, gives 



° - - 1// + — AT > 0, N^Ni = -1, VfN^ = (3.6) 



Chp = -^NiVJe'-'^'Fo^K + -ey/K;'e"^F,„, + ^N^NjVy'''' F^bK + Ae (3.7) 
The momenta conjugate to is 

Now, using the epsilon-delta identity e^^'ecd 
and V^^ it follows that 

= (^iV,Vl\//,e^^^e,.) (3.9) 

where V/ is the inverse to V"'^: VaiV^^ = 6^, and VaiN^ = 0. Eq. ( p.6|) also implies: 



~NkVj\^'^ (3.8) 
= S^^S'^J, and the orthogonality between A^^ 
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:9D: 



which makes it easy to invert 
Putting this into the Lagrangian, and rescahng the lapse function: : = 



(3.11) 



iVVe, 



gives 



£ = 
n :-- 



(3.12) 



Ti\Fj ^ 



al 



JJK 



which is the (2+l)-dimensional Ashtekar Hamiltonian. Compare with ( p.l52| ). Note 
that, for non- degenerate metrics, there is a unique solution to the constraints Ti and Tia. 
e"''Fjj = — Ae^'^'^TTjTT^eafe. So, instead of the constraints 7i and Tia given in ( p. 121) , one 
can use the constraint: := e^^Fj^ + Xe^-^^TTjir'^j^eab ~ 0. 

The constraint algebra for the Hamiltonian in ( |3.12|) is exactly the same as for the 
(3+l)-dimensional case, and there are no reality conditions here in (2+l)-dimensions. 
Following the fields through the Legendre transform above, it is easy to write down the 
metric formula for the Ashtekar variables: 



-99 



af3 



N 
TV 



N 



Ntt 



N 



(3.13) 



Then, it is only the relation between the Ashtekar Hamiltonian and the ADM-Hamiltonian 
left here to show. These two Hamiltonians are related by a canonical transformation of 
similar type as in the (3+l)-dimensional case. First I define the field Kaf. 



Kai := Aai - r 



where Vai is the unique torsion-free spin-connection compatible with n""': 



Dan 



bl 



hi 



hi I JJK-, 







(3.14) 



(3.15) 



Despite the fact that tt""^ does not have an inverse "in the 5*0(1,2) indices", p.l5| ) can 
be uniquely solved for F function of n""^ . This can be understood from a counting 



of degrees of freedom in ( p.l5|) : equation (p.l5|) represents 12 equations, and F^^ and 



Tai are 6 + 6 unknown, meaning that there is enough information in ( p.l5| ) to solve 
for all components. See Appendix B for details. (Note, however, that the alternative 
requirement: D^a^^ = 0, is not enough to uniquely specify F^/, since it gives only 3 
equations for 6 unknown.) 

Now, using (p. 141) and (|3.15|), the Ashtekar constraints in (|3.12|) becomes: 



g' = Daix'"' + e''''Kajn'k = e''''Ka.inl (3.16) 
Ha := n''Rahi{T) + 'n'"D^aKm + 7:''ei.jKKX ^TX^'^DyaK^i (3.17) 

n = \Ti'''n''Rah''eijK - \det{n-W\) + n-\'\DaK^)euK + \n-' n'' K^aiK.^j 
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^al „bj ; 



(3.18) 



where Rn-^ ■- 



lab 



^ijkt^"'^t^'''^ Rab^ , and I have neglected terms 



proportional to in both ( |3.17| ) and ( |3.18|) . In ( p.l7| ) the Bianchi identity: n^'^Rabi = 
was also used. Thus, the transform (|3.14|) really gives the wanted ADM-Hamiltonian, and 
what is left to prove is that the transformation really is a canonical one. To do that, I 
first define the undensitized vr"^ and its inverse: 



Then (|3.15|) gives 



or 



1 



al 



:7r 



f>i — A« e^-^^p rp'' p'^ — n 



Then, projecting ( |3.21|) along the vector field e^'^^CjC^^eab, gives 



aj-p _ r, /JA a 7-) • 

e i aj — ejCj^Ua^ibl 



UK a , 



which means that 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



al 7> 



(3.23) 



showing that, up to the surface term, vr"^ and Kai are conjugate variables. So, assum- 
ing compact spacetime or fast enough fall-off behavior at infinity, we have a canonical 
transformation. 



3.4 The CDJ-Lagrangian 

The CDJ-Lagrangian in (2+l)-dimensions can be found either by a Legendre transform 
from the Ashtekar Hamiltonian, or from an elimination of the triad field from the H-P 
Lagrangian. The latter method is the simpler one. 

C-HP = e°^^e7,F,/ + Ae (3.24) 

where F^p^ := ^[qA^] + e^'^^ A^jApK, and := e^^^u^jK and uj^jk is an 50(1,2) 
connection. The equation of motion following from variation of Cai is 

= + Aee"' = (3.25) 



40 



Chapter 3 Actions in (2+1 )-diniensions 



where F*'^^ := e°'^^ F^^y^ is the dual of Fapi- The idea is now to solve ( p.25| ) for e°'^, and 
then put the solution back into the Lagrangian, yielding a totally metric-free formulation. 
Taking the determinant of ( |3.25 ), gives 



3^2 



-det{F 



*al\ 



which is solved by 



1 

A3 



det{F 



*al'] 



Then, ( ^.27| ) and ( |3.25| ) give the complete solution to 

1 



ss 

Seal 



n*a7 



A 



'^det{F*''^) 



and putting this solution back into the Lagrangian, one gets 



C = ^2 sign{X)J-jdet{F*'^^) 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



which is the wanted pure spin-connection Lagrangian for (2+l)-dimensional gravity with 
a cosmological constant. Note that this Lagrangian is totally metric- free, the only inde- 
pendent field is the spin-connection. For a treatment of the CDJ-Lagrangian without a 



cosmological constant, and with a coupling to a scalar field, see |]3^. See also ||38 
The metric formula in this formulation, follows directly from (|3.28|) . 



-A 



rfet(F*"^; 

Note that the Lorentz-signature condition detgap = 
\det{F*''^) < 0. See for instance { ^^ . 



— < corresponds to 



(3.30) 
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J n this section, I want to present two recent generahzations of the Ashtekar Hamiltonian 

and the CDJ Lagrangian. The first kind of generahzation was first discovered in 
and in 0. See also 0] and It is a cosmological constant type of generahzation in 



the sense that it does not increase the number of degrees of freedom. At the canonical 
level (the Ashtekar formulation), the generalization is achieved by adding terms to the 
Hamiltonian constraint, and at the Lagrangian level (the CDJ Lagrangian) one has to 
add terms to the Lagrangian. This generalized theory still has an interpretation in terms 
of Riemannian geometry, and it is possible to extract the spacetime metric out of the 
constraint algebra. Explicit spherically symmetric solutions to the generalized theory 
have been studied in and |3^, in which it is shown that the generalized theory really is 
physically different from the conventional Einstein theory. Two remaining problems with 
this generalization are the reality condition and the metric-signature requirement. No one 
has yet given a reality condition that works for any of the new cosmological constants. 
(The problem arises for Lorentzian spacetimes. For Euclidean signature, where all fields 
are real, it is possible to show that there exist ranges for some of the new cosmological 



constants that will ensure positive definiteness of the metric |37].) In |34], it was also 
shown that this generalization of Ashtekar variables does not have any direct counterpart 
in (2+l)-dimensions. In (2+l)-dimensions the ordinary cosmological constant seems to 
be the unique generalization of the pure gravity theory, that does not increase the number 
of degrees of freedom. 

The other type of generalization that I will present here is a generalization of the theory 
to other gauge groups. That is, in (3+l)-dimensions, I consider a canonical formulation 
of a gauge and diffeomorphism invariant theory that reduces to the Ashtekar formulation 
if the gauge group is chosen to be S0{3). See 0. In (2-|-l)-dimensions, this type of 
generalization is also possible, but there the pure gravity gauge group is 50(1,2). The 
difference between (3+1)- and (2+l)-dimensions is that in (3+l)-dimensions there exist 
an infinite number of different theories that has the above mentioned behavior, while 
in (2+l)-dimensions there is only one theory of this type. This is closely related to 
the existence of the infinite number of new cosmological constants in (3-1-1 )-dimensions. 
This gauge group generalization does increase the number of degrees of freedom, and in 
fact has the correct number of degrees of freedom to be a candidate theory for Einstein 
gravity coupled to Yang-Mills theory. In (2+l)-dimensions, it was been shown in |^8|] that 
this generalization gives the conventional Einstein- Yang-Mills theory to lowest order in 
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Yang-Mills fields. 

In (2+l)-dimensions, there exists an extension of the pure gravity formulation, which 
has one degree of freedom per point in spacetime; topologically massive gravity pS]. See 
also for the relation to the Ashtekar formulation. I do not treat this extension here, 
mainly due to the fact that this is a purely (2+l)-dimensional formulation which has no 
counterpart in other spacetime dimensions. 



4.1 The cosmological constants 

In a canonical formulation of a diffeomorphism invariant theory, there exists a set of first 
class constraints generating the diffeomorphism symmetry. If these generators are split 
into parallel and orthogonal parts, Ti,a and Ti, where Tia generates spatial diffeomorphisms 
on the spatial hypersurface and Ti generates diffeomorphisms off the hypersurface, these 
first class constraints always obey the following constraint algebra: 



{naiN^HkiM']} = na[£N^M-] (4.1) 

{na[N%n[N]} = n[£N^N] (4.2) 

{n[N],n[M]} = Haiq^'iNdtM - MdbN)] (4.3) 

where £m'^ denotes the Lie-derivative along the vector field A^'*, and g"^ is the spatial 
metric on the hypersurface. Just by requiring path-independence of deformations of the 
hypersurface, it was shown in that any any canonical formulation of a diffeomorphism 



invariant theory, with a metric, must give a representation of this algebra. Thus, this 
algebra can be used in two different ways; both as a test if a given theory is diffeomorphism 
invariant, and also as a definition of what the spatial metric is in terms of the phase space 
variables, (in fact, it is possible to extract the entire spacetime metric from the constraint 
algebra and the expression for the time-evolution of the spatial metric. See for details.) 

Now, given a particular set of phase space variables, and the fact that Ha should 
generate spatial diffeomorphisms, it is in general easy to find the unique realization of Tia 
in terms of the phase space variables. More specifically, if Tia is the generator of spatial 
diffeomorphisms, it has the action of the Lie-derivative on the fundamental fields: 



:= {q,n,[N'']} = £j,aq (4.4) 
5S := {p,na[N^]} = £N^P (4.5) 

where {q,p) denotes the phase space variables. This normally gives a uniquely solvable 
system of equations, from which it is easy to solve for 7ia{q,p)- As an example, study 
the S0{3) Yang-Mills phase space, where the fundamental fields are Aai and an 
SO (3) connection and its conjugate momenta. Writing out ( |4.4| ) and ( [4. 51 ) in details for 



these phase space variables gives an easily solvable system of equations, with the unique 
solution 



na = na- A^,g' = e''f^,, - a^.v.e"' (4.6) 
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All this means that in an attempt to generalize a diffeomorphism invariant theory, the 
only freedom one has lies in the Hamiltonian constraint, Ti. That is, since the theory 
should be diffeomorphism invariant, it must obey the algebra (|4.1|) - (|4.3|) , meaning that 
Tia is the generator of spatial diffeomorphisms, which is unique. And furthermore, since 
Tia is the generator of spatial diffeomorphisms, (|4. 1| ) and ([4.2|) is automatically satisfied if 
Tia and Ti are diffeomorphism covariant objects. This means that in order to generalize a 
diffeomorphism invariant theory, without breaking this invariance, the generalization must 
reside in Ti, and the requirement it has to fulfill is that it should be a diffeomorphism 
covariant object, satisfying (^l3|). 

In Ashtekar variables, there is also the S0{3) symmetry, which is generated by Q^. In 
the following, I will neglect this part of the algebra and just make sure that the generalized 
Ti. is an 5*0(3) scalar, in order not to break this part of the constraint algebra. Thus, 
the first basic requirements a candidate Ti. has to satisfy is that it should be invariant 
under 50(3) rotations and covariant under spatial diffeomorphisms. The fact that it 
should be invariant under 5*0(3) transformations means that it should be constructed 
out of gauge covariant objects, like i?"* and -B"* := e^'^^F^, with all indices properly 
contracted. And covariance under spatial diffeomorphisms just means that all spatial 
indices should be properly contracted as well. This immediately singles out four good 
candidates as basic building blocks: A := tabc^ijkE"-'' E^^ E""^ , B := eabc^ijkE"''-E^^ B^^ , 
C := eabceijkE^'B^iB^^, D := eabceijkB"' B^^ B^^ . These four scalar densities all satisfy the 
above mentioned requirements, and therefore any function of them will also do so; an 
expression such as 

n = f{A,B,C,D) (4.7) 

should therefore be a rather general Ansatz for the Hamiltonian constraint. Or, intro- 
ducing parameters that serve as new cosmological constants, one could consider functions 
like: 

AB 

f{A, B, C, D) = aiA + + a^C + a^D + a^— + ■■■ (4.8) 

What is left to check, to ensure that the theory is diffeomorphism invariant, is ( [4.3|) . I 
will not give the detailed calculation here, but it is shown in ^ that it is in general true 
that (|4.3|) is satisfied with this type of Ansatz. 

( In (2+l)-dimensions there exist only two different basic 5*0(1, 2) vector fields: : = 
e^^'Fjj and Bj := eijK'n'""^'^'''^ ^ab, meaning that the basic building blocks for H should be: 
A := B := \l/^i?7 and C := B^Bj. But 5 + AO is just the conventional Ashtekar 

Hamiltonian for pure gravity with a cosmological constant, and A is proportional to 5, 
when Tia = is satisfied. Therefore, there exists no generalization of this type of the pure 
gravity theory in (2+l)-dimensions) 

At the Lagrangian level (the CD J Lagrangian), it is even easier to discover the gener- 
alization. The conventional pure gravity Lagrangian is 

CcDj = I (rrn' - liTrnr') (4.9) 

where fi*-^ := e'^^^^F^pF^^ and 77 is a scalar density of weight minus one. Now, since fi*-' 
is a three by three matrix, there exist three independent traces: TrQ, TrVt^ and TrVl^. 
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All other scalars constructed from Q"^^ can be written as functions of these three traces. 
This follows from the characteristic equation for three by three matrices. Thus, the most 
general 50(3) invariant and diffeomorphism covariant Lagrangian density constructed 
out of these building blocks, are 

C = fij], TrVL, Trn"^, Tril^) (4.10) 

where one just has to make sure that the Lagrangian density is a scalar density of weight 
plus one. Or, again introducing "the cosmological constants": 

C=— + /32Trn + /337]Trn'^ + pi'qiTr^lf + p^rj^Tr^f + ■■■ (4.11) 

These two Lagrangians are both 50(3) invariant and diffeomorphism covariant, and will 
therefore in general give a Hamiltonian formulation that has the required constraint alge- 
bra ( |4.1| )-( ^3D . (For special values of the cosmological constants it can, however, happen 
that additional second class constraints appear. This is what happens if one in 
changes the factor ^ into |.) 

A rather remarkable fact in this cosmological constants generalization is that the 
Urbantke formula ( p.l89| ) still holds as an expression for the spacetime metric. This is 
shown by identifying the metric from the constraint algebra, and then following the fields 
through a Legendre transform. See . 



4.2 Gauge group generalization 

Here, I just want to briefly give the basic ideas of how to generalize the Ashtekar formu- 
lation to other gauge groups. For further details, see p and VIII. 

As mentioned in section ( [4.1D , in a canonical formulation of a diffeomorphism invariant 
theory it is always possible to find first-class constraints obeying the algebra ( [4.1|) - ([4.3|) . 
And the problem with the Ashtekar Hamiltonian for other gauge groups, is that the 
crucial part of the algebra ( |4.3| ) fails to close. The ordinary Hamiltonian constraint for 
pure gravity, in Ashtekar's variables, is 

n = '-eabce^,kE'''E'^B'^^ (4.12) 

And, in order to generalize this expression to higher dimensional gauge groups , the eijk 
must be changed into some other gauge covariant object, {eijk is only well defined for 
three dimensional gauge groups.) The obvious candidate is /j^fc, the structure constant 
for the Lie-algebra, {fijk = ^ijk for 50(3).) This will however not work, since the Poisson 
bracket {7i, 7i} will fail to close. The reason why it closes for 50(3) is that there exist 
a structure constant identity (the e — ^-identity) for that Lie-algebra, while there for an 
arbitrary gauge group does not exist any such identity. The idea is then to eliminate the 
structure constant (or eijk) from H without changing the content of it. And to do that, 
one can use the above mentioned structure constant identity. For instance: 
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= A / (4-13) 

4 ^detB'^'B^ 

is a Hamiltonian constraint that works also for higher dimensional gauge groups, and that 
reduces to the Ashtekar Hamiltonian constraint for three dimensional gauge groups. A 
perhaps even simpler way of finding the generalized Hamiltonian constraint is to use the 
Ansatz 

in the ordinary Ashtekar Hamiltonian constraint, 

n = '^-eabceijkE'''E^^B^'' = ^-detB''' ((Tr^)^ - Tr^^) (4.15) 

and then try to construct the same constraint with the building blocks: E"-^E\, E^^^B^ 
and B^'Bl 



(4.16) 
(4.17) 
(4.18) 

where I have used the fact that Tia = means that \E'[*-'l = 0, and bat is the inverse to 



e'^'eX, 


= Tr^2 


E'''B%,E'^Bpda 


= Tr^^ 


E^'BXb 


= Tr^ 



B°-^B\. This means that a suitable Ti is 



U = -UetB-' (a E-'E%, + (1 - a)E^''B%,E'^ Bp,, - {E-'B%,f) (4.19) 

In checking the constraint algebra however, it becomes clear that it is only two values of 
a that give a closed algebra: a = 2 and a = 0. Thus, it seems like the "arbitrary gauge 
group Hamiltonian" is more restrictive than the 5*0(3) Hamiltonian, in which arbitrary 
functions of the basic building blocks give a closed algebra. 

A third way of finding the generalized theory is to start from the CDJ Lagrangian 
which is trivially generalized to other gauge groups, and then perform the Legendre trans- 
form to the Hamiltonian formulation without using any S0{3) identities. This procedure 
should always give a closed algebra, for the generators of diffeomorphisms, since the start- 
ing point is a manifestly diffeomorphism covariant object. 

One of the still unresolved problems with this gauge group generalization, is that the 
metric, which can be read off from the constraint algebra, looks rather awkward in terms 
of the phase space variables, and therefore the reality conditions seems to be very hard 
to find. (This is also true for the cosmological constant generalization, in section ( [4.1|) .) 

The idea behind these type of generalization is that it may be possible to find a unified 
theory of gravity and Yang-Mills theory in this way. But, before the reality conditions are 
found, no such interpretation can be given. Another problem here in (3+l)-dimensions, 
is that there exists an infinite number of different generalizations that all reduce to the 
pure gravity Ashtekar formulation when 5*0 (3) is chosen, and it is not an easy task to 
select the correct one, if there exists one. An optimistic expectation regarding this, is that 



46 



Chapter 4 Generalizations 



once the correct generalization is found, the reahty condition problem and the "metric 
problem" could possibly be naturally solved. 

In (2+l)-dimensions however, the corresponding generalized theory is unique, and 
there the theory really has an interpretation as gravity coupled to Yang-Mills theory. 
To lowest order in Yang-Mills fields, the generalized theory exactly coincide with the 
conventional Einstein- Yang-Mills coupling. 



4.3 Higher dimensions 

Here, I want to discuss the possibility of finding higher dimensional generalizations of the 
Ashtekar Hamiltonian and the CDJ-Lagrangian. I have no real results to present here. 
When the Ashtekar Hamiltonian first was found, it seemed clear that it was a purely 
(3-1-1 )-dimensional formulation, which relied on the use of self dual two-forms, which only 



exist in four dimensional spacetimes. Later, it was shown that the Ashtekar formula- 
tion also exists in (2+l)-dimensions. The natural question is then: is it also possible to 
find an Ashtekar Hamiltonian in dimensions higher than (3+1)? To try to answer that 
question, I will define two different meanings of "higher dimensional Ashtekar formula- 
tion". 

First, the perhaps obvious definition is: a canonical formulation of Einstein grav- 
ity on the Yang-Mills phase space. If we assume that this theory has only gauge and 
diffeomorphism symmetries, we can calculate the number of degrees of freedom in a gen- 
eral theory of this type, and compare with the ADM-formulation of Einstein gravity: 
let the spacetime have dimension (D+1), and the Yang-Mills gauge group have dimen- 
sion A^. Then, the number of degrees of freedom per point in spacetime is; for the 
ADM-formulation: - {D + 1) = i2^2M+ll^ and for the "Ashtekar formulation": 

DxN — N — (D + l) = N{D — 1) — {D + 1), where I have subtracted the number of first 
class constraints from half the number of phase space variables. (In the ADM-formulation, 
the phase space coordinate is the D-dimensional symmetric spatial metric, and the only 
local symmetries are the diffeomorphism symmetries. In the "Ashtekar formulation", the 
phase space coordinate is the spatial restriction of the gauge connection, and the symme- 
tries are N gauge symmetries and (D+l) diffeomorphism symmetries.) In order to have 
a realization of Einstein gravity on Yang-Mills phase space, with the above mentioned 
symmetries, the number of degrees of freedom must coincide, meaning that 

N = £j£±4 (4.20) 

Checking the known results for (2+1)- and (3+l)-dimensions, gives = 3 in both cases, 
which is the dimensionality for 50(1, 2) and 5*0(3). Now, if it should be possible to find 
this generalization, the dimensionality of the gauge group must be a integer value. 
However, it is easy to see from the equation above that there are no D > 3, that will give 
an integer A^. If A^ is an integer, then it must be possible to factorize out the factor {D — 1) 
from the numerator. But the numerator consists of the product of the two subsequent 
integers greater than (D — 1), and, although I do not give a proof of this statement, it 
is obvious that this is not possible for D > ?>. This means that it is impossible to find 
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a realization of Einstein gravity on Yang-Mills phase space, with only gauge and diffeo- 
morphism symmetries. If one adds further symmetries to the theory, it may of course 
be possible to find this realization. Altogether this gives the conclusion that the obvious 
higher dimensional Ashtekar formulation does not exist. 



Another definition of a higher dimensional Ashtekar formulation is: a gauge and dif- 
feomorphism invariant canonical formulation on the Yang-Mills phase space. Thus, one 
just relaxes the requirement that the theory must equal the Einstein theory of gravity, and 
instead allows the theory to have an arbitrary number of degrees of freedom. With this 
definition, I believe it is possible to find a higher dimensional Ashtekar formulation. (In 
fact, the conventional (3-1-1 )-dimensional Ashtekar Hamiltonian with gauge group S0{3), 
is trivially generalized to higher dimensions. However, in dimensions higher than (3-1-1), 
the spatial metric will then always be degenerate.) In order to find the Ashtekar Hamil- 
tonian one must again concentrate on finding a suitable Hamiltonian constraint. Gauss' 
law and the vector constraint are trivially generalized to arbitrary spacetime dimensions 
and gauge groups. And again, the requirements the Hamiltonian constraint must satisfy 
are that it should be gauge and diffeomorphism covariant, and obey ([4.3|). I will not try 
to guess or derive any Hamiltonian constraints here, instead I will describe another way of 
finding this formulation. If we start at the CDJ-level, which is easier generalized to higher 
dimensions, the Legendre transform will take us to the wanted Hamiltonian. To construct 
the CDJ-Lagrangian in arbitrary spacetime dimensions, one may use the building blocks: 
the scalar density field r], two epsilon tensor densities, e°'l^'~^--- and (D-l-1) field strengths, 
F^ij. Then, one needs some gauge covariant objects like the killing-metric and/or the 
structure constants from the Lie-algebra, to properly contract the gauge-indices. This, 
in general non- unique, Lagrangian is both gauge and diffeomorphism covariant, and the 
Hamiltonian formulation will therefore satisfy the required algebra ( |4.1| )-( ^^ ). (It could 
of course happen that additional second class constraints appear, as well.) However, the 
major problem with this type of construction is that the Legendre transform generally 
is rather problematic to perform. (Nobody has yet showed how this should be done, in 
dimensions higher than (3-M).) 

So, to summarize the speculations; it seems that the obvious generalization of Ashtekar's 
variables to higher dimensions, is not possible to find, without the introduction of addi- 
tional symmetries. However, if one just seeks a gauge and diffeomorphism invariant 
formulation on Yang-Mills phase space, it ought to be possible to find this formulation 
from a Legendre transform from the higher dimensional CDJ-Lagrangian. 



Chapter 5 
Outlook 



r hen it became clear that conventional Einstein gravity is perturbatively non-renormal- 
izable, and that the attempts of improving this behavior, such as higher derivative 
theories and supergravity, also had failed, many physicists took this as a sign that grav- 
ity and/or quantum mechanics need a drastic modification before it will be possible to 
unite them. The alternative conclusion from this failure is that it is the methods that are 
wrong, and, in fact, knowing the failure of perturbative quantization of gravity, it is easy 
to find reasons why a perturbative approach to quantum gravity is bound to fail; see e.g 
0], [|l^], and |^3| for enlightening discussions of perturbative verses non-perturbative 



treatments of quantum gravity. 

Without the adequate skill of handling non-perturbative path integrals, we are left 
with canonical quantization a la Dirac, in order to be able to handle the quantization of 
gravity, non-perturbatively. Earlier attempts of quantizing gravity canonically, have all 
been based on the ADM-Hamiltonian, and these attempts have failed due to both techni- 
cal as well as conceptual problems. The technical problems are mostly concentrated in the 
complicated Hamiltonian constraint; the Wheeler-DeWhitt equation. Since the Hamilto- 
nian constraint, in the ADM-formulation, has a complicated non-polynomial dependence 
on the basic phase space coordinate, the spatial metric, no one has yet been able to find an 
explicit, and well-defined, quantum solution to this constraint. The conceptual problems 
are the problems that any attempt of quantizing gravity eventually will have to face; e.g 
the problem of time, and the problem of finding/defining physical observables in a theory 
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of quantum gravity [|T8 

When Ashtekar reformulated the Hamiltonian for gravity to be a formulation on 
S'0(3) Yang-Mills phase space, with rather simple polynomial and homogeneous con- 
straints, the above mentioned technical problems were reduced significantly. Instead, the 
Ashtekar Hamiltonian has another new feature that was absent in the ADM-Hamiltonian; 
the theory is complex, and one needs reality conditions in order to be able to extract real 
general relativity. This could be a serious drawback for the Ashtekar formulation, or as 
an optimist would say: the reality condition may be something positive in that they will 
help us to select the correct inner product for the theory. 

Anyway, since the discovery of the Ashtekar Hamiltonian, the quantization program, 
using Dirac quantization of the Ashtekar Hamiltonian, has grown to be an active field 

, a 
all 



of research. There already exist two excellent books covering this subject 0, g| 



number of different reviews |^6[, |^, ^9[, and more than 300 publications 
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related to Ashtekar's variables. 

The first attempts, in this program, used the so called connection representation 0, 
where the wave functionals are holomorphic functionals of the self dual Ashtekar con- 
nection, and the trace of the holonomy of this connection around a closed loop can be 
shown to satisfy both Gauss' law and the Hamiltonian constraint. The vector constraint 
is not solved, however. This soon led to the loop-representation, where the wave func- 
tionals are complex functionals of loops on the spatial hypersurface [Q, ||^, 
In this representation, the algebra that is quantized is a non-canonical graded T-algebra, 
where T stands for traces of holonomies with momentum fields inserted along the loop. 
This algebra is automatically SU{2) {S0{3)) invariant, which means that Gauss' law is 
already taken care of at the classical level (reduced phase space quantization). The vector 
constraint, which classically generates spatial diffeomorphisms, is solved a la Dirac by 
only considering wave functionals of knot and link classes of loops. (One really considers 
generalized knot and link classes, for details see e.g It was also soon clear that the 

Hamiltonian constraint is solved by using only non- intersecting, smooth loops ||^. Later, 
several other solutions to all the quantum constraints have been found ||^ , |Q . However, 
there are still two extremely important ingredients missing; the inner product and observ- 
ables. Without these, one cannot calculate any physical quantities, and the solutions do 
not really give any information about the theory. Another important ingredience is the 
general solution to all the constraints. Perhaps that is too much to ask for, but what is 
really needed is an understanding of the importance of the known solutions. For all we 
know, the solutions that have been found so far could all belong to a "degenerate set of 
measure zero". (That is, they could be totally unimportant.) 

The quantization program also includes work on linearized gravity |^|, (2+1)- 



dimensional gravity [0, Maxwell fields |5^, [|^, (l+l)-dimensional QED ||6^, etc. 

Finally, I want to give my opinion and expectations of how the CDJ-formulation as well 
as the generalizations of Einstein gravity can contribute to a better understanding of clas- 
sical and quantum gravity. So far, nothing really important has come out of the discovery 
of the CD J-Lagrangian. (When the CD J-Lagrangian was found , the general solution 
to the classical diffeomorphism constraints, modulo Gauss' law, were also found, but this 
could have been found without the knowledge of the CDJ-Lagrangian.) There have been 
attempts to make progress with path integral quantization, and discretized approxima- 
tions using the CDJ-Lagrangian [^, but so far there are no real results coming 



out of this. Related to the CDJ-Lagrangian there have also been some new discoveries 



concerning gravitational instantons [33], |65]. In my opinion, the most interesting 

outcome of the CDJ-Lagrangian is, so far, the gauge group generalization. This general- 
ization could also have been found without the knowledge of the CDJ-formulation, but 
it is really techniques and ideas coming from this pure connection formulation that have 
enabled the finding of this generalization. 

Why is the generalizations, presented in section 4, so interesting? So far, none of these 
generalizations has a satisfactory treatment of the reality conditions, or the metric signa- 
ture condition. However, if these, and possibly other, problems can be solved, the new 
cosmological constants are on the same footing as the conventional Einstein cosmological 
constant, and we will need a theoretical explanation of why they are all zero, or keep 
them in the theory. Perhaps, the introduction of all these new cosmological constants 
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will eventually help us understand why it is the pure gravity Einstein equation without 
any cosmological constants that seems to be the correct equation for describing " classical 
nature" . A positive expectation regarding the gauge group generalization of Ashtekar's 
variables, is that this generalization may be a suitable theory for the loop-representation 
quantization of coupled gravity- Yang-Mills theory. This is otherwise a problem in the 
Ashtekar formulation; the coupling of gravity to Yang-Mills theory has a Hamiltonian 
constraint that is seemingly not suited for the loop-representation quantization. 



Appendix A 

Conventions and Notation 



Indices : a, (3, 7,... denote spacetime indices, I, J, K, . . . denote 5*0(1,3) indices (or 
50(1,2) in (2+l)-dimensions), a, b, c, . . . denote spatial indices. 

Symmetrization and Antisymmetrization: Symmetrization and antisymmetrization of in- 
dices are denoted by brackets, according to 











j^{abc) 


— jS^oi>y ^(cci)'* _|_ ^(fec) 


j^labc] 




j^{a\b\c) 





(A.l) 
(A.2) 
(A.3) 
(A.4) 
(A.5) 



The Minkowski metric : The Minkowski metric is chosen to be 77^"^ := Diag{—1, 1, 1, 1) 
in (3+1) -dimensions, and 77^"^ := Diag{—1, 1, 1) in (2+l)-dimensions. 

(3+1) -dimensional e -symbol: (°'f^'^6 and e^fils totally antisymmetric, and e"^^^ = 
^0123 = 1 in every coordinate system, implying that e"^^"^ is a tensor density of weight 
plus one, and eQ,/375 has weight minus one. For any non-degenerate tensor K^p-i the fol- 
lowing is true 

^apl8 = ]^K^eK0„K^^Ks.e^''P^ (A.6) 
where K := detK^p = ^e'^'^^e'^P'^KaeKfs^Kj^Ks^. 

Spatial restriction of e"^^*^ : e"^'^ := ^oabc^ ._ ^^^^^^ meaning that e"^"^ satisfies the 
following identities 



e'^'^eaef = 5^515'} (A.7) 

e"^^e„,e = 26^ (A.9) 
.■^1 
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SO(l, 3) e -symbol: e^-^^^ is totally antisymmetric, and e°^^^ = 1. 

^ijKL '■— Vim Vjn Vkp Vlq e^^^*^, meaning that 60123 = — 1, and the following identities 
are valid: 



e'^'^hMNpg = -44<^f<^Q (A.IO) 

e^'^'hij^pQ = -S^iS^S§ (A.ll) 

e'^'^'-euPQ = -25if<5§ (A.12) 

e'-^'^^e.jKQ = -65j (A.13) 



(2+l)-dimensional e -symbol: e"^^ and e^g^ are totally antisymmetric, and e"^^ = 6912 = 

1 in every coordinate system, implying that e ' ' is a tensor density of weight plus one, 
and e^^7 has weight minus one. For any non-degenerate tensor Ka/3, the following is true 

^apl = ^K^eKf^^K^/^'^ (A.14) 

where K := detK^p = \e^P^ e'^^PK^^Kp^K^p. 



Spatial restriction of e"^^: e""^ :— e^"'', eab ■— coab, meaning that e"** satisfies the following 
identities 



e^^e^e = ^'^e^ (A.15) 
e"'e„e = Si (A.16) 



SO{l,2) € -symbol: e^"^^ is totally antisymmetric, and e°^^ = 1. 

^ijK '■— Vim Vjn Vkp e^^^, meaning that 6012 = —1, and the following identities are 
valid: 

e'^^'eMNP = -44<^p (A.17) 
e^^^e.^P = (A.18) 
e^'^'eup = -25f (A.19) 



Appendix B 

Definitions of Connections and 
Curvature 



Definition of metric compatible affine connection and spin-connection. Tlie affine connec- 
tion and tlie spin-connection u^"^ are liere defined to anniliilate tlie tetrad Cai- 

V^epi := daCpi - T^.^C'^i + uj^i'^epj = (B.l) 
(Zero-torsion is assumed, and tfierefore rj]^^] = 0.) Tliis means tliat 

Vaie^iej) = Va7]lJ = daVU + ^al^VKJ + UJaJ^TJlK = i^a{IJ) = (B.2) 

or, Ua^"^ is antisymmetric, and is tlierefore so(l, 3) Lie-algebra valued. Now, to solve for 



V'Jfs and LU^"^ from (|B.1|) , it is convenient to first solve for T^/j from the equation: 



l^ag/sj = V^iepie^y) = dagpj - T'^pg,-/ - ^l^fg^e = (B.3) 

To solve for F^^, one does a cyclic permutation of the three indices a, j3 and 7 two 
times. The two resulting equations are then added together, and finally equation ( |B.3D is 
subtracted from this sum. Due to the symmetry of r2^, the result is 

dagp-^ + <97C/„/3 - <9/3^7„ - 2r^^c/,/3 = (B.4) 

which is easily solved. 



ra/3 = {do^gep + <9/3^ea " ^.^a/?) (B.5) 

Then, putting (p.5|) into (|B.1|) , the solution for oJaiK becomes: 



u^i^ = -e^^5„ej + e^^rlel, = \e^^^ {d^^ef + e^^^e^e^j) (B.6) 

Thus, ( p.5|) and ( p.6|) are the unique solution to ( p.l|) , and an indication to why it is 
possible to uniquely solve for these connections, can be found by counting degrees of free- 
dom: In (D+l)-dimensions, equation has {D + 1)^ components, while F^^ and uj^J 
has i5+lK^+Hi(£) -|- 1) and (^+^)-^ _)_ algebraically independent components, showing 
that the number of unknowns are the same as the number of equations. So, as long as 
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the system of equations (|B.1|) is non-degenerate, there will always exist a unique solution. 
(The non-degeneracy of ( p.l|) is closely connected to the non-degeneracy of the tetrad 
field.) 



Another derivation of the spin-connection. Instead of (|B.1|) , the spin-connection can be 



defined as follows: 

T^laep]! := d[aef3]i + uj[a/ef3]j = (B.7) 



Note that ( [B.l| ) implies ( [B.?] ) but the converse is not true. (r2^ is not even defined in 



( p.Tp .) Do (p.l| ) and (|B.7|) then have the same solution for Yes, they have, and that 
can be understood by dimensional counting again: In (D+l)-dimensions, ( B.7 ) represents 
(D + 1) equations, and the spin-connection has the same number of algebraically 



independent components, meaning that (|B.71 ) has a unique solution. Then, since both 
( [B.l| ) and ( |B.7| ) have unique solutions, and ( |B.1| ) implies ( p.7| ), the solution must be the 
same. 

To directly solve (|B.7| ) for uj'/ , one can use the same trick that was used to solve for 



t2p- First, convert all free indices in ( |B.7| ) into flat S0{1,3) indices: 

eje^ (9[„e/3]/ + ^[a/^e^]^) = (B.8) 

Then, do a cyclic permutation of the free indices J, J and K two times, and add and 
subtract the three resulting equations: 

^jKi + ^ijK - ^Kij + ^e^jU^iK = (B.9) 
where I have defined ^jki '■= eje^(9[Q,e/3]/. The solution for the spin-connection is 

^^aKi = {VLjki + VLijk - VLkij) (B.IO) 
Comparing (|B.10| ) to ( p.6|) gives exact agreement. 

Definition of the curvature field. The Riemann tensor is defined as follows: 



T^[aT^l3]^I = Rap/^J (B-12) 

By using these definitions for a vector field of the form = e^Xj, one can show that 

e^P[„P^]A, = e}R^p/e''^\j = R^^/ Xj (B.13) 
And, since this is valid for all vectors A/, the following relation must hold: 

Rais/ = RafSe^e'je'l (B.14) 

Now, using the definitions ( p.ll|) and (p.l2| ) together with the definition of the covariant 
derivative (|B.1| ), it is straightforward to derive the explicit form of the Riemann tensor: 
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-Ra/^V - ^[^r^lM + ^[ap-'"^]M (B.15) 
^ijs = d[aUJi3]^'^ + UJ[J^UJ/3]k'^ (B.16) 



Einstein's equation. Einstein's equation for pure gravity with a cosmological constant, in 



the metric formulation, is 



R^.u-l9f.uR-\gf.u = (B.17) 

Using the relation ( p.l4|) , the definition of the Ricci tensor i?^,^ := R^av"" and the definition 
of the curvature scalar R := g'^'^R^^, Einstein's equation can be rewritten in terms of the 
tetrad. 

Rua/e^e-j - ^e^e^K (e^'e'^jR^J + 2A) = (B.18) 
Or, multiplying with e^^ to get the form that follows from the Einstein-Hilbert Lagrangian: 

Rj'e-j - \e[ (e^^e°i?7„^^ + 2A) = (B.19) 



"Hybrid connections." Here, I want to show that it is possible to define a unique spin- 
connection compatible with a sort of "hybrid" vielbein variable e^, where the dimen- 
sionality of the spatial index is one unit lower than the dimensionality of the internal 
index. 

Consider a (D + l)-dimensional spacetime, and a "vielbein" field e^i where a take 
values 0, 1, . . . , D, and the /-index is a flat Lorentz index, taking values 0, 1, ... D. In a 
Hamiltonian formulation where one has to partly break the manifest spacetime covariance, 
the "vielbein" is split into two parts, eo/ and Cq/, where a is a spatial index taking values 
1, 2, . . . , D. Then, I define a spin-connection loJ"^ compatible with this "hybrid" field Cq/: 

^aCft/ := dathl - ^"ah^cl + ^a/ Gbj = O (B.20) 

At first sight, it seems to be impossible to find a unique solution for Uai'^ , since there exists 
no inverse to Cai, such that e°"^eai = Sj. It is however possible to uniquely solve for both 
rjj^ and ujai'^ , and that can again be understood by counting degrees of freedom: Equation 
( p.20|) represents D'^{D + 1) equations, and F^^ and Uai'^ have ^'^^^^^ D and ^'^^^^^ D 
number of algebraically independent components, giving exact agreement between the 
number of unknown and the number of equations. Another way of understanding this 
is to note that since uj^/ is antisymmetric, one does not loose any information in uol^ by 
projecting it on Cai as long as Cai represents D linearly independent S0{1,D) vectors. 
To explicitly solve (|B.20|) for uj^/ ^ it is convenient to introduce the unit, time-like 



vector field, , orthogonal to Ca/: 
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JJK-P 



N'eai = 0, N'Ni 



Gal^hJ^cK ■ ■ ■ Ggpe 



abc---g 



D\^det{eaiei) 
Then, I define the projection operator: 

~IJ ^ ^al^J ^ ^IJ ^ ^7^J 



(B.21^ 



;B.22) 



where e"^ := q°'^el and is the inverse to qab '■= ^ai^i- I use this projection operator to 
project out time-like (primed) and space-hke (tilded) indices. 



= A^' + A^' = -N^NjX-^ + fj^-^Xj = ri^-^X, 



Using this, u^"^ can be written as 



,,/-/_, ,[i'J] , iJ 



(B.23) 



(B.24) 



Now, it is straightforward to solve (|B.20|) for F^^, tul^''^^ and LdJ"^- First, F^^ can be solved 
for as usual: 



Kb = -j^'f'' i^aqeb + dbQea " deQab) 



(B.25) 



and then the spin- connect ion is easily given: 



^ai'j = e^jNiN^'daetK (B.26) 
^aij = -Vi'' e'jdae.K + e]T:,e,j (B.27) 

Thus, (|B;2§, (|E:25| ), ( [B:26|) and ( [B:27|) give the unique solution to i^^^. 
Note however that the alternative definition 

D[aeb]i = diaCb]! + uj[a/eb]j = (B.28) 

does not have a unique solution for Uai"^ , which can be seen by dimensional counting: 
The number of equations are (-D + 1) while the number of unknowns are ^^^^^^ D, 

showing that there are to few equations to uniquely specify the spin-connection. 

Variations of u^"^ and Rap^'^ ■ From ( [B.16| ) it follows that 

SRafs'' = diJcu/s/' + SluiJ^'cop^k' + u^J^^dup^K' = V^aScUf,/' (B.29) 

Note that SuJ'-' is a Lorentz covariant object since it is the difference between two Lorentz 
connections. To find the variation of uj^ with respect to variations of Cq,/, one can use 
the defining equation: 

V[aepi^i := d[aei3]i + uj[ai^ ep]j = (B.30) 

Varying this equation, gives 
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T^lJep]! + 5ujia/ef3]j = (B.31) 

But, ( |B.31| ) is the same equation as ( [B.7| ), with Ua^-^ — > 5ujJ'^ and 9[ae/3]/ — > P[Q,(5e/3]/, 
meaning that the solution to ( p.31|) is 



Together, (p.29| ) and (p.32| ) then give the variation of Rapij with respect to e„/. 



[B.32) 
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